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ANALYTIC STANDARD ERRORS FOR EXPLORATORY PROCESS FACTOR ANALYSIS
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Exploratory process factor analysis (EPFA) is a data-driven latent variable model for multivariate
time series. This article presents analytic standard errors for EPFA. Unlike standard errors for exploratory
factor analysis with independent data, the analytic standard errors for EPFA take into account the time
dependency in time series data. In addition, factor rotation is treated as the imposition of equality con-
straints on model parameters. Properties of the analytic standard errors are demonstrated using empirical
and simulated data.
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1. Introduction

Factor analysis is a statistical procedure routinely used to study individual differences in the
social and behavioral sciences. The conventional between-subject factor analysis model is insuffi-
cient for research investigating psychological processes situated within individuals, for example,
conditioning, learning, perception, action, emotions, and cognitions (Hamaker, Dolan, & Mole-
naar, 2005). Dynamic factor analysis (Browne & Nesselroade, 2005; Browne & Zhang, 2007;
Molenaar, 1985; Nesselroade, McArdle, Aggen, & Meyers, 2002), however, is a latent variable
model for such processes. Unlike between-subject factor analysis, which is often applied to data
collected from many participants, dynamic factor analysis is applied to multivariate time series
of a single individual or a small subset of individuals with the aim of uncovering unique patterns
of variability and change. As such, dynamic factor analysis reflects a shift from modeling sta-
sis/equilibrium to modeling process and change (Browne & Nesselroade, 2005). Dynamic factor
analysis has been used to study affective processes of dyads (Ferrer & Nesselroade, 2003), the
mood change of pregnant women (Nesselroade et al., 2002), emotions of patients with Parkin-
son’s disease (Chow, Nesselroade, Shifren, & McArdle, 2004), and physiological measurements
of an infant (Molenaar, 1985).

In this article, we focus on process factor analysis (PFA; Browne & Nesselroade, 2005;
Browne & Zhang, 2007; Nesselroade et al., 2002), a dynamic factor analysis model in which
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process factors affect only concurrent manifest variables and time series of process factors are
specified as vector autoregressive processes with moving average residuals (VARMA). Interested
readers are referred elsewhere for other types of dynamic factor analysis such as the shock factor
analysis model (Molenaar, 1985), and related comparisons between these two models (Browne
& Nesselroade, 2005; Nesselroade et al., 2002).

Cudeck and O’Dell (1994) pointed out that standard errors and confidence intervals are
essential for statistical inference purposes in factor analysis with independent data. Standard er-
rors and confidence intervals are equally important in dynamic factor analysis. Because dynamic
factor analysis is a model for time series data, appropriate standard errors must take into consid-
eration the serial dependence in the data. The standard error estimators implemented in currently
available SEM software are suitable only for independent data, however.

Standard error estimation has been considered previously for various dynamic factor anal-
ysis models: see Zhang and Browne (2010a) for bootstrap standard error estimates for both
exploratory process factor analysis (EPFA) and confirmatory process factor analysis (CPFA)
and Molenaar and Nesselroade (1998) for standard errors for confirmatory shock factor analy-
sis. Zhang, Chow, and Ong (2011) adapted analytic standard errors assuming independent data
(Browne, 1984, Proposition 2) for CPFA with time series data.

In the present article, we derive analytic standard errors in the context of the EPFA model.
Although EPFA and CPFA are both latent variable models for multivariate time series, they dif-
fer from each other on the type of questions they answer. CPFA is used to assess restrictions
imposed on selected model parameters, for example, ‘manifest variable A does not load on fac-
tor F’ and ‘there are no cross-lag effects of factor F on factor G’. These restrictions are in the
form of fixed zero parameter values when the model is specified. In contrast, the EPFA model
is a data-driven procedure that is appropriate in situations where researchers want to avoid such
restrictions. Two such examples are (1) an exploratory approach being considered after a confir-
matory analysis has been deemed insufficient for the data and (2) exploratory studies on a new
topic where firm hypotheses are unavailable. The flexibility of EPFA is reflected in factor rota-
tion, which is conducted to aid interpretation and model identification of EPFA. Factor rotation
can be regarded as constraints imposed on rotated factor loadings and factor correlations. These
constraints in EPFA are complicated nonlinear equality constraints (Browne & Du Toit, 1992;
Jennrich, 1973). Thus, analytic standard errors in EPFA are more complicated than analytic stan-
dard errors in CPFA (Zhang et al., 2011), because no nonlinear equality constraints of factor
rotation are involved in CPFA. The proposed analytic standard errors and the associated confi-
dence intervals for EPFA have been implemented in a computer program DyFA 3.1

In what follows, we describe the specification and estimation of EPFA with time series data.
We then discuss how factor rotation is conducted in EPFA and present analytic standard errors
for EPFA. We demonstrate properties of the analytic standard errors using data from both an
empirical study and a simulation study.

2. Model Specification and Estimation in EPFA

2.1. Model Specification

The EPFA model consists of two parts. The first part is the factor analysis model,

yt = μ + �f t + et . (1)

1A distribution package of the software is currently available upon request.
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Here, yt is a m × 1 vector of manifest variables, μ is the mean vector of yt , � is a m × k factor
loading matrix, f t is a k × 1 vector of process factors, and et is a m × 1 vector of measurement
errors.2 The subscript t denotes variables at time t . Note that μ and � are invariant across dif-
ferent time points and consequently do not have the subscript t . Measurement error variables are
uncorrelated and their covariance matrix is a diagonal matrix Dε .

The second part is the time series part that specifies a VARMA model for latent factors f t ,

f t =
p∑

i=1

Aif t−i + zt +
q∑

j=1

Bjzt−j . (2)

Here, Ai is a k × k matrix of autoregressive (AR) weights representing the influence of f t−i on
f t , Bj is a k × k matrix of moving average (MA) weights representing the influence of zt−j

on f t , and zt is a k × 1 vector of random shocks. The random shocks can inter-correlate within
the same time point but not across different time points. A shock covariance matrix is denoted
using � . The EPFA model of Equations (1) and (2) is referred to as an EPFA(p, q) model.
A key characteristic of the EPFA model is that the latent process factor, f t , has direct influences
only the concurrent manifest variables, yt . An EPFA(p,0) model specifies that process factors
conform to a pure vector AR process; an EPFA(0, q) model specifies that the process factors
follow a pure vector MA process.

Two important characteristics of VARMA processes are their stationarity and invertibility.
A VARMA process is stationary if its autoregressive components satisfy the condition that all
roots z to the equation

det
(
I k − A1z

1 − · · · − Apzp
) = 0 (3)

lie outside the complex unit circle (Lütkepohl, 2007, pp. 423). The “det” operator computes
the determinant of a matrix. For example, the stationarity of a VARMA(1,0) process requires
that the absolute values of all eigenvalues of A1 are less than 1.00. Statistical properties of a
stationary time series do not change across different time points. In particular, the influences of
an unusually large shock effect tend to decay gradually rather than showing amplification over
time in a stationary time series. A stationary time series may not be identified. Identification of
a VARMA process requires that it is invertible, which is a property for its MA components such
that all roots to the equation

det
(
I k + B1z

1 + · · · + Bqzq
) = 0 (4)

lie outside of the complex unit circle (Lütkepohl, 2007, pp. 420–421). For example, the invert-
ibility of a VARMA(0,1) process requires that the absolute values of all eigenvalues of B1
are less than 1.00. Hamilton (1994, Proposition 10.1; see also Browne & Zhang, 2007, Equa-
tion (13.15)) described a practical method to check the stationarity and invertibility conditions of
Equations (3) and (4). Harvey (1993, p. 244) pointed out that the full identification conditions for
a VARMA(p, q) are complicated if both p and q are nonzero. He presented a sufficient condition
to identify a stationary and invertible VARMA(p, q) process, which requires that

rank
[
Ap Bq

] = k.

More details on identification conditions of VARMA(p, q) processes can also be found in Lütke-
pohl (2007, Section 12.1).

2An autoregressive process can be imposed no et to model cross-lag effects of uniqueness of manifest variables
(Molenaar, 1985; Nesselroade et al., 2002). We do not pursue the autoregressive specification for et , because such a
specification introduces additional model complexity whose justifications may be unavailable at the exploratory stage of
the analysis.
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2.2. Model-Implied Lagged Correlation Structure

Let f t be a VARMA(p, q) process specified in Equation (2). Let

f ′ = [
f ′

t f ′
t+1 f ′

t+2 · · · · · · f ′
t+L−1 f ′

t+L

]

where the time lag L ≥ p + q . The VARMA(p, q) process implies a lagged covariance structure
for f expressed as (Du Toit & Browne, 2007, Equation (31))

� = T −1
−A

{
IL+1|s�I ′

L+1|s + T B(IL+1 ⊗ �)T ′
B

}
T −1

−A

′
. (5)

Here � is a (L + 1)k × (L + 1)k block Toeplitz matrix,

� = Cov(f ,f ′) =

⎡

⎢⎢⎢⎢⎢⎣

�0 �′
1 �′

2 · · ·
�1 �0 �′

1
. . .

�2 �1 �0
. . .

...
. . .

. . .
. . .

⎤

⎥⎥⎥⎥⎥⎦
(6)

where

�l = Cov
(
f t+l ,f

′
t

)
,

T −A is a block matrix of AR weights,

T −A =

⎡

⎢⎢⎢⎢⎢⎣

I k 0 0 · · ·
−A1 I k 0

. . .

−A2 −A1 I k

. . .

...
. . .

. . .
. . .

⎤

⎥⎥⎥⎥⎥⎦
, (7)

T B is a block matrix of MA weights,

T B =

⎡

⎢⎢⎢⎢⎢⎣

I k 0 0 · · ·
B1 I k 0

. . .

B2 B1 I k

. . .

...
. . .

. . .
. . .

⎤

⎥⎥⎥⎥⎥⎦
, (8)

and � denotes the initial state covariance matrix. Note that the first block column of � contains
all the non-redundant information in �. The matrix IL+1|s is a constant matrix composed of the
first sk columns of the (L + 1)k × (L + 1)k identity matrix, where s = max(p, q). The symbol
⊗ denotes the Kronecker product.

Of special interest is �, the covariance matrix of the initial state vector (Du Toit & Browne,
2007, Equations (4) & (5)) which reflects contributions of variables of interest before the first
data point. For example, if f t has a VARMA(3,3) process, � can be partitioned as

� =
⎡

⎣
�11 �12 �13
�21 �22 �23
�31 �32 �33

⎤

⎦ . (9)
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Elements of the covariance matrix � are not model parameters but nonlinear functions of the AR
weights, MA weights, and the shock covariance matrix (Du Toit & Browne, 2007, Equation (21))
expressed as

vec(�) = (I −A⊗A)−1 vec
(
G�G

′), (10)

where A is a block matrix of AR weights

A =
⎡

⎣
A1 I k 0
A2 0 I k

A3 0 0

⎤

⎦ , (11)

and G is a block vector of sums of AR weights and MA weights,

G=
⎡

⎣
A1 + B1
A2 + B2
A3 + B3

⎤

⎦ . (12)

The effects of the initial state covariance matrix can be understood by noting that the
VARMA(p, q) process of Equation (2) can be expressed as (Browne & Zhang, 2007, Equa-
tion (13.22))

f t = f̃ t + zt (13)

where

f̃ t =
p∑

i=1

Aif t−i +
q∑

j=1

Bjzt−j .

Effects of the preceding time series f t−i and preceding shock vectors zt−j are encapsulated in
f̃ t , so that the current shock vector zt is uncorrelated with f̃ t . Respective contributions of f̃ t

and zt to the factor covariance structure of f t can be summarized as (Browne & Zhang, 2007,
Equation (13.19))

�0 = �11 + �. (14)

If elements of �11 are larger than elements of � in magnitude, relations among f t are due
mainly to preceding time series and shock vectors; if elements of � are larger than elements of
�11 in magnitude, relations among f t are driven mainly by the concurrent shock vector. Thus,
�11 captures the cumulative effects of previous process factors and shocks on the covariance
structure of f t at the first time point; the same covariance structure, �11, holds for the entire
time series (i.e., after the first time point), however, by stationarity of the hypothesized time
series process.

2.3. Estimation of EPFA with Manifest Variable Lagged Correlations

Let γ be a q∗ ×1 vector of parameters that includes factor loadings �, unique variances Dε ,
AR weights Ai , MA weights Bj , and shock variances and covariances � . The lagged factor co-
variance structure of Equation (5) and the factor analysis part of Equation (1) imply the manifest
variable lagged correlation structure (Browne & Zhang, 2007, Equation (13.16)),

P 0(γ ) = Corr
(
yt ,y

′
t

) = ��0�
′ + Dε, l = 0,

P l (γ ) = Corr
(
yt+l ,y

′
t

) = ��l�
′, l = 1,2, . . . ,L.

(15)
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Here all diagonal elements of the model-implied manifest variable lag 0 correlation matrix,
P 0(γ ), are equal to unity.

Let y1,y2, . . . ,yT be a sample m-variate time series. We assume that the time series are
normally distributed. The lag l manifest variable covariance matrix Sl is computed as

Sl = 1

N

T∑

t=1

(yt+l − y )(yt − y )′

where y is the mean vector over time. Standardizing the lag l manifest variable covariance matrix
yields the corresponding lag l manifest variable correlation matrix,

Rl = [
Diag(S0)

]− 1
2 Sl

[
Diag(S0)

]− 1
2 . (16)

Elements of R0 are concurrent relations between manifest variables; elements of lagged correla-
tion matrices Rl are time lagged relations between manifest variables.

Parameter estimates γ̂ can be obtained by minimizing the ordinary least squares discrepancy
function (Browne & Zhang, 2010),

fols =
L∑

l=0

trace
(
Rl − P l (γ )

)2
, (17)

which can be expressed in a vector form as

fols = (
r − ρ(γ )

)′(
r − ρ(γ )

)
. (18)

Here r is a p∗ × 1 vector formed by stacking columns of sample lagged manifest correlation
matrices R0,R1, . . . ,RL,

r ′ = [
Vecs′(R0) Vec′(R1) . . . Vec′(RL)

] ;
and ρ(γ ) is a p∗ × 1 vector formed by stacking columns of model-implied manifest variable
lagged correlation matrices, P 0(γ ),P 1(γ ), . . . ,P L(γ ),

ρ(γ )′ = [
Vecs′(P 0(γ )) Vec′(P 1(γ )) . . . Vec′(P L(γ ))

]
.

Note that Vecs(·) is a vector function stacking nonduplicated elements of a symmetric matrix,
Vec(·) is a vector function stacking all elements of a square matrix, and p∗ = m(m+1)/2+m2L.
Here the symbols p∗ and q∗ should not be confused with p and q , which denote the AR order
and the MA order in Equation (2).

Because EPFA models are scale invariant, they can be specified either for lagged correla-
tion matrices or lagged covariance matrices (Browne, 1982, Section 1.2; Cudeck, 1989). In cases
where the scale differences across the manifest variables are not of substantive interests, EPFA
with lagged correlation matrices are easier to interpret than EPFA with lagged covariance ma-
trices, because the factor loadings of different manifest variables can be readily compared. We
consider EPFA estimation with lagged correlation matrices in the present article.

3. Factor Rotation in EPFA

To obtain EPFA parameter estimates, we minimize the OLS discrepancy function of Equa-
tion (18). The EPFA model is not identified. Let �∗, A∗

1, . . . ,A
∗
p , B∗

1, . . . ,B
∗
q , and �∗ be pa-
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rameter matrices before rotation.3 Let T be a k × k square matrix. Then the factor loading matrix
� = �∗T and the time series parameters

Ai = T −1A∗
i T , i = 1, . . . , p;

Bj = T −1B∗
jT , j = 1, . . . , q;

� = T −1�∗T ′−1

(19)

also minimize the OLS discrepancy function of Equation (18). Thus k2 extra constraints are re-
quired to identify the EPFA model. A marker variable approach is used to identify the unrotated
parameters. A manifest variable is selected as a marker variable for each factor, implemented
by constraining k − 1 factor loadings to zero in each of the k rows of the marker variables. The
remaining k constraints are to require the lag 0 factor correlation matrix �0 to have diagonal
elements of 1. When a marker variable does exist for each of the k factors and the k marker vari-
ables are correctly assigned, this method of identifying the EPFA model provides interpretable
results. However, the marker variable approach does not provide interpretable results in many
applications of the EPFA model, because marker variables do not exist or non-marker variables
are mistakenly assigned as marker variables. Nevertheless, the marker variable method provides
a viable way of identifying the EPFA model. The marker variable approach is considered here
for model identification purpose rather than for improving interpretability.

Instead, factor rotation is employed to improve the interpretability of the EPFA model.
A k × k rotation matrix T can be found such that the rotated factor loading matrix � = �∗T
minimizes a rotation function Q(�), for example, the CF-Varimax (Crawford & Ferguson, 1970,
Equation (7); Browne, 2001) criterion,

Q(�) =
(

1 − 1

m

) m∑

i=1

k∑

j=1

k∑

l �=j

λ2
ij λ

2
il + 1

m

k∑

j=1

m∑

i=1

m∑

h�=i

λ2
ij λ

2
hj . (20)

Plugging in the rotation matrix T to Equation (19) produces the rotated time series parameters
A1, . . ., Ap , B1, . . . ,Bq , and � . Factor rotation also affects factor lagged covariance matrices
and the initial state vector covariance matrix as

�l = T −1�∗
l T

′−1, l = 0,1, . . . ,L;
�11 = T −1�∗

11T
′−1.

(21)

Because orthogonal rotation in EPFA seldom leads to interpretable results, we focus on oblique
rotation of EPFA in the present article. Thus process factors f t as well as shock variables zt are
allowed to be correlated.

Similar to factor rotation in between-subject factor analysis, it is not necessary to specify
prior information on the factor loading matrix in performing rotation of EPFA. A rotation cri-
terion like the CF-Varimax criterion attempts to improve interpretation of the EPFA model by

3The unrotated parameter estimates for �∗ , A∗
1, . . . ,A∗

p , B∗
1, . . . ,B∗

q , and �∗ are obtained by minimizing the OLS
discrepancy function of Equation (18) under the identification condition of the marker variable method. One of the
advantages of the OLS estimation is its simple implementation. The unrotated parameter estimates may also be obtained
by minimizing the maximum Wishart likelihood function of manifest variable lagged correlation matrices (Molenaar,
1985; Nesselroade et al., 2002) or by the Kalman filter approach with the raw data (Harvey, 1989; Watson & Engle,
1983). Implementation of the EPFA estimation with the maximum Wishart likelihood method and the Kalman filter
method is more involved than that of confirmatory PFA, because EPFA is a more complex model with more parameters
than the corresponding confirmatory PFA model. Interpretability of the unrotated results obtained using the other two
methods can also be improved by factor rotation.
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making the rotated factor loading matrix be closer to Thurstone’s simple structure. If prior infor-
mation does exist, one can consider target rotation (Browne, 2001) to incorporate the information
to the factor rotation process.4

4. Analytic Standard Errors for EPFA

When factor rotation is used to select one solution from infinitely many solutions in EPFA,
it is necessary to use the associated rotation constraints in deriving standard errors for EPFA. We
adapt analytic standard errors intended for unconstrained models (Browne, 1984, Proposition 2)
to handle the rotation constraints.

Let γ̂ be the vector of parameter estimates obtained from minimizing the ordinary least
squares discrepancy function of Equation (18). Let γ o be the vector of parameter values obtained
from minimizing the same discrepancy function where sample manifest variable correlation and
lagged correlation matrices Rl are replaced by their counterparts in the population P l .5 Consis-
tency of γ̂ to γ o can be established using Theorem 1 of Shapiro (1984b, p. 86) or Theorem 2.1 of
Newey and MacFadden (1994, p. 2121).6 Then, an extension of Proposition 2 in Browne (1984,
Equation (2.12)) shows that the asymptotic distribution of (γ̂ −γ o) is Gaussian with a null mean
vector and covariance matrix,

Cov
(
γ̂ , γ̂ ′) ≈ T −1(�′

o�o + L′
oLo

)−1
�′

oϒ�o

(
�′

o�o + L′
oLo

)−1
. (22)

Details concerning how Equation (22) is obtained are provided in Appendix A. Square roots of
the diagonal elements of Cov(γ̂ , γ̂ ′) are the corresponding standard errors of γ̂ . When standard
error estimates are computed in samples, parameter values γ in the right hand size of Equa-
tion (22) are replaced by their sample counterparts γ̂ . The consistency of parameter estimates
γ̂ implies the consistency of standard error estimates (Ferguson, 1996, p. 39, Theorem 6a). The
covariance matrix of Equation (22) is similar to a result presented in Shapiro (1984a, Equa-
tion (4.4)), but he used the theory of generalized inverse matrices rather than constraints to deal
with un-identified covariance structure models.

Equation (22) involves three matrices, ϒ , �o, and Lo. The p∗ × p∗ matrix ϒ is the asymp-
totic covariance matrix of lagged manifest variable correlations r . The p∗ × q∗ matrix �o is the
model Jacobian matrix,

�o = �(γ o) = ∂

∂γ ′ ρ(γ )

∣∣∣∣
γ=γ o

. (23)

The k2 × q∗ matrix Lo is the constraint Jacobian matrix,

Lo = L(γ o) = ∂

∂γ ′ c(γ )

∣∣∣∣
γ=γ o

, (24)

4All the rotation criteria reviewed in Browne (2001) are implemented for EPFA in DyFA 3.00 (Browne & Zhang,
2010).

5The minimizer γ o may not produce a zero discrepancy function value in the population. The derivation is still valid
provided that the lack of fit is moderate (Browne, 1984, R5).

6The consistency of parameter estimates under general conditions is proved in both references. More specifically,
four conditions need to be satisfied. First, the discrepancy function should be a continuous function of both sample
moments and parameter values. Nearly all discrepancy functions (OLS, ML, GLS, and ADF) are continuous functions
of both sample moments and parameter values. Second, the parameters space should be a compact set. This condition
can be achieved by placing all parameters in an arbitrarily large envelope in a high dimensional space. Third, the model
should be locally identified. Local identification of the exploratory process factor analysis model is achieved by the
rotational constraints imposed on the parameters. Fourth, sample lagged correlations should be consistent estimate of
population correlations. Consistency of sample lagged correlations for a stationary time series can be established using
Theorem 12.2.1 of Brockwell and Davis (1991, p. 408).
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where c(γ ) = 0 is a vector equation giving k2 identification constraints of the EPFA model.
As defined earlier, the symbols p∗, q∗, and k represent the number of elements of manifest
lagged correlation matrices, the number of model parameters, and the number of common factors,
respectively.

4.1. The Constraint Jacobian Matrix L0

Factor rotation in EPFA can be regarded as imposing k2 constraints on the parameter val-
ues γ . The first k constraints correspond to the requirement that the rotated factor variances are 1.
The remaining k(k − 1) constraints correspond to the requirement that all off-diagonal elements
of a k × k matrix

�′ ∂Q

∂�
− Diag

(
�′ ∂Q

∂�

)
�0 (25)

are zero (Browne & Du Toit, 1992, Equation (45); Tateneni, 1998, Equation (78)). These rotation
constraints appear different from but are equivalent to the constraints proposed by Jennrich (1973,
Equation (28)).

The constraint Jacobian matrix Lo can be separated into two parts,

Lo = [
LFo LT o

]
. (26)

The submatrix LFo is of order k2 by (k + 1)m and contains partial derivatives of the rotation
constraints with respect to the factor loadings and unique variances.

Partial derivatives of the rotation constraints with respect to the factor loadings are the same
as those in between-subject factor analysis and are documented in Jennrich (1973) and in Tate-
neni (1998, pp. 93–94). Partial derivatives of rotation constraints with respect to unique variances
are all zero. The submatrix LT o is of order k2 by (p+q)k2 +k(k+1)/2: it contains partial deriva-
tives of the rotation constraints with respect to the time series parameters. A typical element of
LT o is obtained using the chain rule

dci

dγj

= trace

(
∂ci

∂�0

∂�0

∂γj

)
(27)

where ci is the ith constraint function and γj is the j th time series parameter. The partial deriva-
tives of rotation constraints with regard to factor correlations ∂ci

∂�0
can be found in Tateneni (1998,

p. 89, Equation (82)). The partial derivatives of factor correlations with regard to time series pa-
rameters ∂�0

∂γj
can be obtained by differentiating Equation (14),

∂�0

∂γj

= ∂�11

∂γj

+ ∂�

∂γj

. (28)

The partial derivatives ∂�11
∂γj

were derived in Du Toit and Browne (2007, Equation (27)),

vec

(
∂�

∂γj

)
= (I −A⊗A)−1 vec

(
∂G∗

∂γj

)
(29)

where

∂G∗

∂γj

= A

∂γj

�A
′ +A�

A
′

∂γj

+ G

∂γj

�G
′ +G

∂�

∂γj

G
′ +G�

G
′

∂γj

.
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Equation (29) describes the partial derivatives ∂�
∂γj

for a general VARMA(p, q) processes. For a
VARMA(1,0) process, such partial derivatives are reduced to

vec

(
∂�

∂aij

)
= (I − A1 ⊗ A1)

−1 vec
(
J ij (� + �)A′

1 + A1(� + �)J ji

)
(30)

and

vec

(
∂�

∂ψij

)
=

{
(I − A1 ⊗ A1)

−1 vec
(
A1(J ij + J ji)A

′
1

)
, if i �= j ;

(I − A1 ⊗ A1)
−1 vec

(
A1J iiA

′
1

)
, if i = j.

(31)

Here aij is an element of the AR matrix A1, ψij is an element of the shock variable covariance
matrix � , and J ij is a square matrix with 1 at its ith and j th column and zero everywhere else.

It is noteworthy that although the rotation constraints depicted in Equation (25) appear iden-
tical to those imposed in between-subject factor analysis, elements of the matrix �0 are different
in EPFA than in between-subject factor analysis. In between-subject factor analysis, these ele-
ments are model parameters, and partial derivatives of the rotation constraints in Equation (25)
with respect to �0 are evaluated directly. In EPFA, however, these elements are no longer model
parameters but are complex functions (Equation (5)) of the time series parameters (i.e., AR
weights, MA weights, and shock variances and covariances). The property that elements of �0
are not parameters, but rather are functions of parameters must be taken into account when Lo is
computed.

4.2. The Asymptotic Covariance Matrix of Manifest Variable Lagged Correlations, ϒ

The analytic standard errors of Equation (22) involve ϒ , the asymptotic covariance matrix
of manifest variable lagged correlations,

ϒ = T · Cov
(
(r − ρ)(r − ρ)′

)
. (32)

For stationary Gaussian time series, Bartlett’s formulas can be used to compute such an asymp-
totic covariance matrix of lagged correlations of a univariate time series (Brockwell & Davis,
1991, Theorem 7.2.1) and selected elements of the asymptotic covariance matrix of lagged cor-
relations of a bivariate time series (Brockwell & Davis, 1991, Theorem 11.2.3). The analytic
standard errors of Equation (22) require all elements of ϒ , however. Formulas for estimating all
elements of ϒ have been derived recently (Zhang et al., 2011, Equation (14)). Let ρm,ij denote
the population lagged correlation of the j th component of the time series at t with the ith com-
ponent of the time series at t + m. Let rm,ij denote the corresponding sample lagged correlation.
For a stationary Gaussian time series, a typical element of ϒ , the asymptotic covariance of two
sample manifest variable lagged correlations rm,ij and rn,kl , can be expressed as functions of the
population manifest variable lagged correlations,

T · Cov(rm,ij , rn,kl) =
∞∑

u=−∞

{
1

2
ρm,ij ρn,kl

[
ρ2

u,ik + ρ2
u,jk + ρ2

u,il + ρ2
u,j l

]

− ρn,kl[ρu,jkρu+m,ik + ρu,jlρu+m,il]
− ρm,ij [ρu,ilρu−n,ik + ρu,jlρu−n,jk]

+ [ρu,jlρu−n+m,ik + ρu−n,jkρu+m,il]
}
. (33)

In practice, the population manifest variable lagged correlations in Equation (33) are replaced
by the manifest variable lagged correlations computed using parameter estimates of the EPFA
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model of Equations (1) and (2). Another practical issue is to truncate u in Equation (33) to a finite
number. The larger u is, the smaller the truncation error will be. An iterative way of choosing u

is to compute analytic standard error estimates first using an initial u∗ and to compute analytic
standard error estimates again using u∗ +1. If the differences in analytic standard error estimates
obtained using u∗ and u∗ +1 are negligible, u∗ is regarded as sufficiently large; if the differences
are substantial, a large value of u∗ should be considered.

4.3. Standard Errors of Factor Lagged Correlations

Dependence among process factors is indicated by the process factor lagged correlation
matrices �0,�1, . . . ,�L. They are not modeling parameters, but complex functions of the AR
weights, MA weights, and shock variances and covariances, in Equation (5). Let φ̂ be a vector
collecting elements of �̂0, �̂1, . . . , �̂L. Asymptotic standard errors of φ̂ are estimated using the
delta method,

Cov
(
φ̂, φ̂

′) = ∂φ

∂γ ′ Cov
(
γ̂ , γ̂ ′)∂φ′

∂γ
. (34)

4.4. Construction of Confidence Intervals

A (1 − α)100 % confidence interval on a parameter θ can be constructed using a point
estimate θ̂ and its standard error estimate, σ̂θ̂ , as

(θ̂low, θ̂up) = (θ̂ − z α
2
σ̂θ̂ , θ̂ + z α

2
σ̂θ̂ ). (35)

Here z α
2

is the critical value of the standard normal distribution, for example, z0.05 = 1.645.
Equation (35) is appropriate for parameters like factor loadings, which are not bounded.

When θ is bounded (e.g., −1 ≤ θ ≤ 1 for correlations), confidence intervals constructed
using Equation (35) may include points that are beyond the admissible region. Browne (1982,
pp. 95–97) presented a procedure considering a monotonic transformation ϕ(θ) of the parameter
θ to a parameter ϕ that is not bounded. A confidence interval is constructed for ϕ first and then
transformed back to the original scale of θ . We now describe the procedure for constructing
confidence intervals for factor correlation coefficients, measurement error variances, and shock
variances.

Lagged factor correlations are bounded by −1 and 1. The appropriate transformation is the
Fisher Z transformation

ϕ̂ = 1

2
log

{
1 + θ̂

1 − θ̂

}
(36)

with associated standard error estimate

σ̂ϕ̂ = σ̂θ̂

1 − θ̂2
.

A confidence interval on ϕ is constructed using Equation (35). The confidence interval
(ϕ̂low, ϕ̂up) is then transformed back using

θ̂ = exp(2ϕ̂ ) − 1

exp(2ϕ̂ ) + 1
. (37)

Shock variances and measurement error variances are bounded by 0 and 1. An appropriate
transformation is

ϕ̂ = − log
(
θ̂−1 − 1

)
(38)
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TABLE 1.
Items of the positive affect scale and the anxiety scale.

Items and Parcels of the Positive Affect Scale

1 Felt the future was hopeful and promising PA3
2 Was happy, satisfied, or pleased PA2
3 Felt cheerful, lighthearted PA2
4 Felt relaxed and free of tension PA1
5 Was living a wonderful adventure PA1
6 Was a happy person PA3
7 Had an interesting daily life PA3
8 Felt calm and peaceful PA2
9 Generally enjoyed things PA1

10 Woke up fresh and rested PA2
11 Expected an interesting day PA3

Items and Parcels of the Anxiety Scale

1 Was a very nervous person Anxiety1
2 Was anxious and worried Anxiety2
3 Had difficulty trying to calm down Anxiety3
4 Was nervous or jumpy Anxiety3
5 Was rattled, upset, and flustered Anxiety3
6 Was bothered by nervousness Anxiety2
7 Was tense or high-strung Anxiety1
8 Saw my hands shake when I did things Anxiety1
9 Felt restless, fidgety, and impatient Anxiety2

with associated standard error estimate

σ̂ϕ̂ = σ̂θ̂

θ̂ (1 − θ̂ )
.

A confidence interval on ϕ is constructed using Equation (35). The confidence interval
(ϕ̂low, ϕ̂up) is then transformed back using

θ̂ = 1

1 + exp(−ϕ̂ )
(39)

to obtain the confidence interval (θ̂low, θ̂up).

5. An Empirical Illustration

We demonstrate the proposed standard error estimator and confidence intervals for EPFA
parameters using an empirical study on widowhood adjustment. Participants recorded self-ratings
on a number of items daily in a period of 98 days. Daily ratings on the ‘positive affect’ scale and
the ‘anxiety’ scale from one participant are used in this illustration. The participant was a 75
years woman who recently lost her husband. The items of these two scales are shown in Table 1.
The instruction for the items starts with ‘Today I . . .’ and participants responded to a four-point
Likert scale: ‘completely true’, ‘quite true’, ‘a little true’, and ‘not at all true’.

Before conducting EPFA, we formed parcels from these individual items. We carried out the
illustration with parcels rather than individual items for two reasons. First, the analytic standard
errors derived in the present article require that manifest variables are normally distributed, but
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FIGURE 1.
Daily ratings of six parcel scores of Positive Affect and Anxiety. PA1, PA2, and PA3 are parcels for the latent process
Positive Affect; Anxiety1, Anxiety2, and Anxiety3 are parcels for the latent process Anxiety.

individual items are ordinal variables with four categories.7 On the other hand, distributions
of parcels are closer to normal distributions (Little, Cunningham, Shahar, & Widaman, 2002).
Second, the reduction of 20 individual items to six parcels facilitates interpretation of EPFA
models. Three parcels were formed from the 11 items of the ‘positive affect’; three parcels were
also formed from the nine items of the ‘anxiety’ scale. Table 1 shows the correspondence between
parcels and items. Figure 1 displays six daily parcel scores, which are the mean of three or four
original daily item scores. The original items are reverse scored such that higher parcel scores for
positive affect and anxiety indicate higher levels of the respective constructs. All the six parcels
show substantial amounts of intra-individual variation. The sample estimates of skewness and
kurtosis are in agreement with those of normal distributions. The six skewness estimates are
−0.04, −0.06, −0.10, 0.40, 0.41, and 0.72; the six kurtosis estimates are −0.70, −0.68, −0.73,
−0.58, −0.75, and −0.11.

For illustration purposes, we considered an exploratory PFA(1,0) model for this data set.
OLS estimation, oblique varimax rotation, analytic standard error estimation, and construction
of confidence intervals were carried out using the computer program DyFA 3. The standard

7Zhang and Browne (2010b) described a method to obtain point estimates in process factor analysis models with
ordinal data, but analytic standard errors for EPFA parameters with ordinal variables are currently unavailable.
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error estimation involved the estimation of the asymptotic covariance matrix of manifest variable
lagged correlations �, which was obtained using Equation (33) with u = 4.8 An annotated input
file carrying out the empirical illustration is provided in Appendix B.

Table 2 compares an unrotated solution and the CF-varimax obliquely rotated solution. The
unrotated solution identifying the EPFA model by constraining the factor loading of ‘PA1’ on
‘F1’ and the factor loading of ‘PA3’ on ‘F2’ to zero and requiring diagonal elements of the lag 0
factor correlation matrix to be 1. The unrotated solution is un-interpretable: the factor loadings of
‘Anxiety1’, ‘Anxiety2’, and ‘Anxiety3’ on both factors are large. In contrast, the rotated solution
is much more interpretable. Other alternative ways of identifying the model can result in an
interpretable result for this particular data set. For example, the factor loading of ‘PA1’ on ‘F2’
and the factor loading of ‘Anxiety’ on ‘F1’ constrained to 0. A blind rotation criterion like CF-
varimax tends to give interpretable solutions without relying on previous knowledge of the factor
loading matrix, however.

The 90 % confidence intervals for elements of the factor loading matrix, the AR weight ma-
trix, the shock variable covariance matrix, the initial vector covariance matrix, and lagged factor
correlation matrices are presented in Table 3. Also presented in Table 3 are 90 % bias-corrected
percentile intervals constructed using the moving block bootstrap (Zhang & Browne, 2010a),
a bootstrap procedure designed specifically for dynamic factor analysis with multivariate time
series. The moving block bootstrap preserves the serial dependence of observations at adjacent
time points. It breaks down original time series into overlapping blocks, draws a sample of blocks
with replacement, and connects the blocks together to make bootstrap time series.

These two types of confidence intervals are very similar to each other. For example, the
analytic standard error estimate based confidence interval for the AR weight of ‘positive affect’
on itself one day later is (−0.06,0.38) and the corresponding bootstrap confidence interval is
(−0.04,0.45). These two types of confidence intervals lead to the same conclusion on the ques-
tion of whether zero is a plausible value for most parameters. There is only one exception. The
analytic standard error estimate based confidence interval for the cross-lag cross-variable weight
of ‘Anxiety’ at time t on ‘Positive affect’ at t + 1 is (−0.44,−0.01), does not include zero. The
corresponding bootstrap interval is (−0.49,0.03), however, does include zero. Caution is thus
suggested in interpreting this particular parameter.

Interpretations of factor loadings matrices involve locating salient factor loadings, which are
sufficiently high to suggest a relationship between a manifest variable and a factor. A popular
method to define salient factor loadings is their magnitudes are greater than 0.3. The method has
been criticized for its ignoring sampling variations of factor loadings. To improve the criterion,
we consider confidence intervals rather than point estimates. The lower limits of 90 % confidence
intervals for factor loadings of “PA1”, “PA2”, and “PA3” on the factor “PA” are all above 0.3;
the lower limits of 90 % confidence intervals for factor loadings of “Anxiety1”, “Anxiety2”, and
“Anxiety3” on the factor “Anxiety” are all above 0.3. Thus these six factor loadings are salient.
On the other hand, 90 % confidence intervals for the other six factor loadings are below 0.3 in
absolute value and they do not indicate salient factor loadings. The rotated factor loading matrix
corresponds to a pure cluster pattern: each parcel has only one salient loading.

The AR weight matrix satisfies the stationarity condition: its largest eigenvalue in absolute
value is 0.4329. The factor ‘Anxiety’ positively affect itself one day later: its 90 % confidence
intervals do not overlap with zero. Thus, the more anxious the participant was on a certain day, the
more anxious she was on the following day. In contrast, the factor ‘Anxiety’ seems to negatively
affect the factor ‘PA’ on the following day: the 90 % standard error estimate based confidence

8The aforementioned iterative procedure was used to determine u = 4. We also estimated standard errors with
u = 10, u = 20, and u = 30. The corresponding standard error estimates using these four choices of u agree with each
other to the third decimal place.
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TABLE 2.
An unrotated solution and a CF-varimax obliquely rotated solution.

Unrotated Solution Rotated Solution

� �

F1 F2 F1 F2

PA1 0.00 −0.94 0.85 −0.15
PA2 −0.03 −0.92 0.80 −0.14
PA3 0.91 0.00 0.89 −0.04
ANXEITY1 6.61 7.30 −0.14 0.85
ANXEITY2 7.05 7.77 −0.13 0.91
ANXIETY3 6.42 7.01 −0.07 0.82

A1 A1

F1 F2 F1 F2

F1 −1.61 −1.92 0.16 −0.22
F2 1.77 2.09 −0.14 0.32

� �

F1 F2 F1 F2

F1 0.88 −0.87 0.88 −0.44
F2 −0.87 0.86 −0.44 0.83

� �

F1 F2 F1 F2

F1 0.12 −0.13 0.12 −0.14
F2 −0.13 0.14 −0.14 0.17

�0 �0

F1 F2 F1 F2

F1 1.00 −0.996 1.00 −0.58
F2 −0.996 1.00 −0.58 1.00

�1 �1

F1 F2 F1 F2

F1 0.30 −0.32 0.29 −0.31
F2 −0.32 0.33 −0.32 0.40

Note. � = the factor loading matrix; A1 = an autoregressive weight matrix; � = the shock variable co-
variance matrix; � = the initial state vector covariance matrix; �0 = the lag 0 factor correlation matrix;
�1 = the lag 1 factor correlation matrix.

interval does not overlap with zero but the corresponding bootstrap interval does. Point estimates
of the other two AR weights agree with what researchers would expect based on substantive
theories, but the corresponding 90 % confidence intervals overlap with zero.

A comparison between the shock variable covariance matrix and the initial vector covari-
ance matrix shows that the concurrent shock variables contribute more substantially to the latent
factors than the initial vector does. Furthermore, the shock variable associated with ‘PA’ and the
shock variable associated with ‘Anxiety’ are negatively correlated: the upper limits of the 90 %
confidence intervals of their covariance are less than −0.3.

The PFA(1,0) model seems a reasonable choice for the widowhood adjustment data. We
also estimated several other models. A one-factor PFA(1,0) model is insufficient: manifest vari-
able residuals in the one-factor model are substantially larger than those of the two-factor model.
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TABLE 3.
Confidence intervals for parameters of the EDFA(1,0) model.

The Factor loading matrix �

PA Anxiety

PA1 (0.78,0.92) (0.75,0.96) (−0.23,−0.07) (−0.26,−0.06)

PA2 (0.73,0.88) (0.72,0.89) (−0.23,−0.06) (−0.20,−0.04)

PA3 (0.82,0.95) (0.77,0.98) (−0.12,0.03) (−0.15,0.03)

Anxiety1 (−0.21,−0.06) (−0.21,−0.05) (0.78,0.93) (0.79,0.93)

Anxiety2 (−0.19,−0.07) (−0.21,−0.07) (0.84,0.97) (0.82,0.96)

Anxiety3 (−0.16,0.03) (−0.17,0.00) (0.72,0.91) (0.69,0.88)

The Autoregressive matrix A1

PA Anxiety

PA (−0.06,0.38) (−0.04,0.45) (−0.44,−0.01) (−0.49,0.03)

Anxiety (−0.35,0.07) (−0.41,0.07) (0.12,0.53) (0.22,0.60)

The Shock Variable Covariance Matrix �

PA Anxiety

PA (0.72,0.96) (0.72,0.95) (−0.55,−0.33) (−0.51,−0.31)

Anxiety (−0.55,−0.33) (−0.51,−0.31) (0.65,0.92) (0.64,0.87)

The Initial State Vector Covariance Matrix �

PA Anxiety

PA (0.04,0.28) (0.05,0.28) (−0.25,−0.03) (−0.29,−0.10)

Anxiety (−0.25,−0.03) (−0.29,−0.10) (0.08,0.35) (0.13,0.36)

The Lag 0 Factor Correlation Matrix �0

PA Anxiety

PA 1.00 (−0.67,−0.48) (−0.69,−0.50)

Anxiety (−0.67,−0.48) (−0.69,−0.50) 1.00

The Lag 1 Factor Correlation Matrix �1

PA Anxiety

PA (0.11,0.45) (0.18,0.51) (−0.47,−0.13) (−0.52,−0.17)

Anxiety (−0.48,−0.14) (−0.53,−0.22) (0.23,0.55) (0.36,0.57)

Note. The analytic standard error estimate based confidence intervals are shown in the regular font; the
bootstrap confidence intervals are shown in the italic font.

A three-factor PFA(1,0) model has a sign of overfactoring: a third factor has only one large
loading. A two-factor PFA(2,0) model gave similar results as the two-factor PFA(1,0) model,
but the additional second order weights are close to zero. A two-factor PFA(1,1) model did not
converge.

6. A Demonstration with Simulated Data

In this section, we demonstrate the analytic standard error estimator with simulated data. We
also examine the empirical coverage rates of analytic standard error estimate based confidence
intervals. In addition, we compare the analytic standard error estimate based confidence intervals
and bootstrap intervals.
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6.1. Data Generation and Model Estimation

The population model of the demonstration is an EPFA(1,0) model, which is the same as the
one considered in the empirical illustration. Furthermore, population values of the factor loading
matrix, the AR weight matrix, and the shock covariance matrix were chosen to be the sample es-
timates obtained in the empirical illustration.9 Four time series lengths were considered, T = 50,
98, 200, and T = 1000. The time series length T = 98 was included because it was the original
time series length. The time series length of T = 1000 was included to assess the asymptotic
properties of the standard error estimator. The time series lengths of T = 50 and T = 200 were
included for comparison purposes.

One thousand (N = 1000) six-variate normal time series were simulated for each of the
four time series lengths. These time series were simulated using a computationally efficient
method (Zhang & Browne, 2010a) which ensures that these sample time series are stationary
from the first observation. For each simulation sample, the EPFA(1,0) model was fitted to the
manifest variable lag 0 and lag 1 correlation matrices using DyFA 3. The rotation criterion was
CF-varimax oblique rotation. Point estimates, their analytic standard error estimates, and the
corresponding confidence intervals were computed for the rotated factor loadings, AR weights,
shock variances and covariance, predicted variable variances and covariance, and factor correla-
tions and lagged correlations.

In EPFA, both model-implied manifest variable lagged correlation matrices and the rotation
criterion remain unchanged if columns of the factor loading matrix are interchanged or reflected.
This is referred to as the ‘alignment’ problem in the factor analysis literature (Jennrich, 2007;
Pennel, 1972). The ‘alignment’ problem makes comparing results of EPFA from different time
series more difficult.

To address the ‘alignment’ problem, rotated factor loading matrices in all N = 1000 simu-
lation time series were ‘aligned’ to the factor loading matrix presented in Table 3. The ‘aligning’
procedure involves interchanging and reflecting columns of a rotated sample factor loading ma-
trix. The absolute values of these factor loadings remain unchanged, however. Columns and
rows of the AR weight matrices, the shock covariance matrix, the initial state vector covariance
matrix, and factor lagged correlation matrices were interchanged and reflected accordingly. An
efficient method of interchanging and reflecting the rotated factor loading matrix to match an
order matrix is implemented in CEFA 2.0 (Browne, Cudeck, Tateneni, & Mels, 2008). R code
for interchanging and reflecting rotated factor loading matrices can be found in Zhang, Preacher,
and Luo (2010).

6.2. Point Estimates and Standard Error Estimates

Table 4 presents simulation results of all 27 parameters at T = 50 and T = 98; Table 5
presents the corresponding results at T = 200 and T = 1000. These 27 parameters are 12 factor
loadings, four AR weights, two shock variable variances, one shock variable covariance, two ini-
tial variable variances, one initial variable covariance, and five lagged factor correlations. Results
reported in Table 4 and Table 5 include true parameter values, means of their sample estimates,
their empirical standard errors, means of sample standard error estimates, and standard deviations
of sample standard error estimates.

9We also conducted simulations with EPFA(2,0) and EPFA(1,1) models. Population parameters of the EPFA(2,0)

model were chosen to be their sample estimates. Because the EPFA(1,1) model did not converge with the wid-
owhood adjustment data, its population parameters were chosen to be similar to those of the EPFA(1,0) and
EPFA(2,0) models. Both the AR weight matrix and the MA weight matrix in the EPFA(1,1) model are di-
agonal matrices. The results of simulation studies with the EPFA(1,1) and EPFA(2,0) models are available at
www.nd.edu/~gzhang3/Papers/AnalyticEDFASE/Supplemental.pdf. The conclusions on the EPFA(2,0) model largely
mirrored those from the EPFA(1,0) model, but the EPFA(1,1) model encountered more convergence issues than the
other two models.

http://www.nd.edu/~gzhang3/Papers/AnalyticEDFASE/Supplemental.pdf
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TABLE 4.
Standard error estimates in EPFA with simulated data at T = 50 and T = 98.

θ T = 50 T = 98

θ̂ T
1
2 ESE T

1
2 σ̂ SD

T
1
2 σ̂

θ̂ T
1
2 ESE T

1
2 σ̂ SD

T
1
2 σ̂

λ11 0.85 0.83 0.53 0.50 0.12 0.84 0.48 0.47 0.08
λ21 0.80 0.79 0.64 0.55 0.13 0.80 0.55 0.52 0.09
λ31 0.89 0.88 0.55 0.51 0.14 0.88 0.51 0.47 0.09
λ41 −0.14 −0.14 0.53 0.49 0.12 −0.14 0.50 0.46 0.08
λ51 −0.13 −0.16 0.42 0.42 0.09 −0.14 0.38 0.40 0.06
λ61 −0.07 −0.06 0.61 0.56 0.13 −0.07 0.60 0.57 0.10
λ12 −0.15 −0.17 0.56 0.52 0.11 −0.16 0.51 0.50 0.08
λ22 −0.14 −0.15 0.65 0.59 0.13 −0.15 0.61 0.57 0.09
λ32 −0.04 −0.05 0.56 0.51 0.13 −0.04 0.51 0.48 0.09
λ42 0.85 0.84 0.52 0.47 0.12 0.85 0.48 0.45 0.08
λ52 0.91 0.88 0.40 0.41 0.10 0.89 0.36 0.40 0.07
λ62 0.82 0.82 0.61 0.55 0.14 0.82 0.58 0.55 0.11
a11 0.16 0.11 1.35 1.29 0.11 0.14 1.37 1.30 0.08
a21 −0.14 −0.13 1.35 1.23 0.12 −0.13 1.31 1.25 0.08
a12 −0.22 −0.22 1.40 1.26 0.12 −0.21 1.35 1.28 0.08
a22 0.32 0.27 1.33 1.23 0.12 0.30 1.26 1.23 0.08
ψ11 0.88 0.87 0.64 0.66 0.22 0.88 0.66 0.66 0.17
ψ12 −0.44 −0.43 0.65 0.67 0.05 −0.44 0.63 0.66 0.03
ψ22 0.83 0.82 0.70 0.75 0.19 0.83 0.74 0.77 0.14
θ11 0.12 0.13 0.64 0.66 0.22 0.12 0.66 0.66 0.17
θ12 −0.14 −0.13 0.59 0.63 0.16 −0.13 0.63 0.63 0.13
θ22 0.17 0.18 0.70 0.75 0.19 0.17 0.74 0.77 0.14
φ0,12 −0.58 −0.56 0.58 0.57 0.06 −0.57 0.59 0.58 0.04
φ1,11 0.29 0.24 1.06 1.05 0.07 0.26 1.08 1.05 0.05
φ1,21 −0.32 −0.29 1.05 1.01 0.07 −0.30 1.06 1.02 0.05
φ1,12 −0.31 −0.28 1.09 1.01 0.07 −0.29 1.05 1.02 0.05
φ1,22 0.40 0.35 1.01 0.97 0.07 0.38 0.97 0.98 0.05

Note. The symbols θ , θ̂ , T
1
2 ESE, T

1
2 σ̂ , and SD

T
1
2 σ̂

represent the true parameter value, the mean of sample

parameter estimates, the empirical standard error, the mean of sample standard error estimates, and standard

deviations of sample standard error estimates, respectively. Standard error estimates are multiplied by T
1
2

to facilitate comparisons across different T s.

Three observations can be made with regard to the simulated data. First, point estimates are
essentially unbiased for moderate and long time series. At the time series length of T = 98, the
differences between the mean of point estimates and their true value are less than 0.01 for 17 out
the 27 parameters. The largest difference is less than 0.03. At T = 200, the differences between
the mean of point estimates and their true values are less than 0.01 for 24 out of the 27 parameters;
at T = 1000, the differences between the mean of point estimates and their true values are less
than 0.01 for all 27 parameters. The differences between the mean of point estimates and their
values are more substantial at T = 50. The absolute differences are larger than 0.03 for six out
of the 27 parameters. The absolute difference is 0.05.

Second, the means of standard error estimates are close to the corresponding empirical stan-
dard errors for moderate and long time series. We computed the relative bias of standard error
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TABLE 5.
Standard error estimates in EPFA with simulated data at T = 200 and T = 1,000.

θ T = 200 T = 1,000

θ̂ T
1
2 ESE T

1
2 σ̂ SD

T
1
2 σ̂

θ̂ T
1
2 ESE T

1
2 σ̂ SD

T
1
2 σ̂

λ11 0.85 0.85 0.46 0.44 0.05 0.85 0.42 0.42 0.02
λ21 0.80 0.80 0.53 0.50 0.06 0.80 0.47 0.47 0.02
λ31 0.89 0.88 0.46 0.44 0.06 0.89 0.41 0.41 0.03
λ41 −0.14 −0.14 0.46 0.46 0.05 −0.14 0.45 0.45 0.02
λ51 −0.13 −0.14 0.37 0.38 0.04 −0.13 0.37 0.37 0.02
λ61 −0.07 −0.07 0.60 0.57 0.06 −0.07 0.57 0.57 0.03
λ12 −0.15 −0.15 0.50 0.48 0.05 −0.15 0.46 0.46 0.02
λ22 −0.14 −0.15 0.59 0.55 0.05 −0.15 0.52 0.53 0.02
λ32 −0.04 −0.04 0.49 0.47 0.05 −0.04 0.46 0.45 0.02
λ42 0.85 0.85 0.45 0.45 0.06 0.85 0.45 0.45 0.03
λ52 0.91 0.90 0.36 0.39 0.05 0.91 0.38 0.39 0.02
λ62 0.82 0.82 0.57 0.56 0.07 0.82 0.55 0.57 0.03
a11 0.16 0.15 1.28 1.31 0.06 0.16 1.27 1.31 0.03
a21 −0.14 −0.13 1.20 1.25 0.06 −0.14 1.25 1.26 0.03
a12 −0.22 −0.22 1.29 1.29 0.06 −0.22 1.30 1.30 0.03
a22 0.32 0.32 1.25 1.24 0.06 0.32 1.25 1.24 0.03
ψ11 0.88 0.88 0.66 0.67 0.12 0.88 0.67 0.68 0.05
ψ12 −0.44 −0.44 0.68 0.66 0.02 −0.44 0.67 0.66 0.01
ψ22 0.83 0.83 0.77 0.78 0.10 0.83 0.78 0.79 0.04
θ11 0.12 0.12 0.66 0.67 0.12 0.12 0.67 0.68 0.05
θ12 −0.14 −0.14 0.63 0.65 0.09 −0.14 0.65 0.65 0.04
θ22 0.17 0.17 0.77 0.78 0.10 0.17 0.78 0.79 0.04
φ0,12 −0.58 −0.58 0.59 0.58 0.03 −0.58 0.58 0.58 0.01
φ1,11 0.29 0.27 1.03 1.05 0.03 0.29 1.02 1.05 0.01
φ1,21 −0.32 −0.31 0.98 1.02 0.03 −0.32 1.01 1.03 0.02
φ1,12 −0.31 −0.31 1.04 1.03 0.03 −0.31 1.04 1.03 0.02
φ1,22 0.40 0.39 0.99 0.97 0.04 0.40 0.96 0.97 0.02

Note. The symbols θ , θ̂ , T
1
2 ESE, T

1
2 σ̂ , and SD

T
1
2 σ̂

represent the true parameter value, the mean of sample

parameter estimates, the empirical standard error, the mean of sample standard error estimates, and standard

deviations of sample standard error estimates, respectively. Standard error estimates are multiplied by T
1
2

to facilitate comparisons across different T s.

estimates

Relative Bias = Mean of Standard Error Estimates − Empirical SE

Empirical SE
× 100 %

for each parameter. At T = 98, 14 out 27 parameters have a level of relative bias less than 5 % and
all 27 parameters have a level of relative bias less than 10 %. At T = 200, 24 out of 27 parameters
have a level of relative bias less than 5 % and all 27 parameters have a level of relative bias less
than 10 %. At T = 1000, all 27 parameters have a level of relative bias less than 5 %. Even at
T = 50, 10 out 27 parameters have a level of relative bias less than 5 %, 24 parameters have a
level of relative bias less than 10 %, and all 27 parameters have a level of relative bias less than
15 %.

Third, standard deviations of standard error estimates are of different magnitudes for dif-
ferent parameters. For example, factor loadings tend to have smaller standard errors than lagged
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factor correlations, but they have larger standard deviations of sample standard error estimates
than lagged factor correlations. Thus, sample standard error estimates for lagged factor correla-
tions tend to be more accurate than sample standard error estimates for factor loadings. As the
time series length increase, sample standard error estimates become more accurate for all model
parameters.

6.3. Confidence Intervals

To further assess the usefulness of analytic standard error estimates for EPFA parameters,
we examine the coverage performance of analytic standard error estimate based confidence in-
tervals with the simulated data. In each simulated sample, analytic standard error estimate based
confidence intervals were constructed using parameter estimates and their standard error esti-
mates. The standard error estimates were computed using Equation (22) with parameter values
replaced by their sample estimates. For comparison purposes, we also constructed bias-corrected
percentile bootstrap intervals for EPFA parameters (Zhang & Browne, 2010a).

Figure 2 displays empirical coverage rates of both types of confidence intervals. The empir-
ical coverage rate of confidence intervals for a parameter is the percentage of simulation samples
in which confidence intervals include the population parameter value. The empirical coverage
rates of both types of confidence intervals are close to the nominal level of 90 % for most pa-
rameters at T = 98, the empirical coverage rates are closer to 90 % at T = 200. The empirical
coverage rates of all parameters are even closer to 90 % at T = 1000. Empirical coverage rates
of several parameters are different from 90 % at T = 50. For example, the empirical coverage
rate of bootstrap confidence interval for the lag 1 factor autocorrelation φ1,1,1 is 79.2 %.

The mean empirical coverage rates for the analytic standard error estimate based confidence
intervals are 88.3 %, 88.7 %, 89.7 %, and 90.5 % at T = 50, 98, 200, and 1000, respectively; The
mean empirical coverage rates for the bias-corrected bootstrap percentile intervals are 89.6 %,
89.5 %, 89.9 %, and 90.3 % at T = 50, 98, 200, and 1000, respectively. Although these two
types of confidence intervals have similar mean empirical coverage rates at different time series
lengths, the empirical coverage rates of bootstrap confidence intervals vary more substantially
than those of analytic standard error based confidence intervals. The standard deviations of em-
pirical coverage rates of analytic standard error estimate based confidence intervals are 0.027,
0.028, 0.014, and 0.008 at T = 50, 98, 200, and 1000, respectively; The standard deviations of
empirical coverage rates of bootstrap confidence intervals are 0.048, 0.036, 0.022, and 0.011 at
T = 50, 98, 200, and 1000, respectively.

The apparent advantages of the analytic standard error estimate based confidence intervals
over bootstrap confidence intervals at shorter time series lengths should be interpreted with cau-
tion for two reasons. First, the simulated time series were generated from normal distributions.
Second, no model misspecification was considered in the demonstration. Thus assumptions for
the analytic standard error estimates are satisfied in the demonstration. The relative advantages of
analytic standard error estimate based confidence intervals shown in the demonstration may not
be generalizable to conditions where multivariate time series are non-normal and the amounts of
model misspecification are substantial. Nevertheless, the analytic standard error estimates and as-
sociated confidence intervals described in the present article provide a ‘benchmark’ performance
under the appropriate conditions.

The analytic approach and the bootstrap approach solve the standard error and confidence
interval problem from different perspectives. The bootstrap approach is appropriate regardless
of data distributions and model misspecification, but it requires estimation of the EPFA model
in each bootstrap sample. Additionally, rotated solutions in all bootstrap samples need to be
aligned properly. In contrast, the analytic approach is computationally much more efficient and
immune from the ‘alignment problem’ of EFA models. Routinely comparing standard errors and
confidence intervals produced using both the analytic approach and the bootstrap approach will
improve quality of EPFA research.
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FIGURE 2.
Empirical coverage rates of confidence intervals. The empirical coverage rates of both the analytic standard error estimate
based confidence intervals and the bootstrap confidence intervals are compared at the four time series lengths (50, 98,
200, and 1000).

7. Concluding Comments

We presented an approach for obtaining analytic standard errors in EPFA with multivariate
time series data. Because the EPFA model is not identified, an infinite number of solutions fit the
data equally well. Factor rotation is conducted to select one solution from these many solutions.
In deriving analytic standard errors, factor rotation is treated as equality constraints imposed on
the factor loadings, AR weights, MA weights, and shock variances and covariances. A simu-
lation study suggested that the analytic standard errors and associated confidence intervals are
satisfactory for time series around T = 100 or longer.

Similar analytic standard errors were used in regression problems (White, 1980, 1981; White
& Domowitz, 1984) and in structural equation models with independent data (Yuan & Hayashi,
2006). Those standard errors involve second order derivatives of the model with respect to model
parameters. The analytic standard errors of Equation (22) for EPFA do not involve second or-
der derivatives of the dynamic factor analysis model with respect to model parameters, thereby
avoiding complicated derivations of the second order derivatives of dynamic factor analysis mod-
els with respect to time series parameters. The simpler implementation based on Equation (22) is
traded with the assumption that model misspecification is no larger than sampling error (Browne,
1984, R5).

In both the empirical illustration and the demonstration with simulated data, we did not con-
sider the influence of model error. The analytic standard error estimator is still valid for moderate
levels of model error, but it may be inappropriate when the EPFA model is severely misspeci-
fied. Future efforts should be directed toward model selection and comparison in dynamic factor
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analysis. The determination of a dynamic factor analysis model for a multivariate time series is
a combination of two tasks. The first one is to select a factor analysis model that relates manifest
variables to latent factors; the second one is to select a time series model that describes time
lag effects among latent factors. Any choice of a factor analysis model and a time series model
rarely represents the ‘true’ model. The best we can hope is to achieve a simple approximation that
captures major features of the data. Substantive knowledge should guide the search for a proper
model. For example, the two-factor model was selected in the empirical illustration largely due to
the knowledge that the items were designed to measure the two latent processes ‘positive affect’
and ‘anxiety’.

A unique challenge of selecting time series models is to deal with their flexibility. A gen-
eral EPFA(p, q) model can be exactly represented as an EPFA(∞,0) model or an EPFA(0,∞)

model. When ∞ is replaced by a finite number in practice, the equivalence becomes approx-
imately. Furthermore, time series in the social and behavioral sciences are often of short to
medium lengths. Thus, finding a time series model for latent factors is a compromise between a
search for a good fitting model, substantial sampling error of short to medium time series, and
computational feasibility. The most commonly used time series models in dynamic factor anal-
ysis are low order AR models (Chow et al., 2004; Ferrer & Nesselroade, 2003). We considered
an EPFA(1,0) model for the empirical example. The EPFA(1,0) model sufficiently summarized
the manifest variable lagged correlations. The analytic standard error estimator derived in the
present article is applicable for a general EPFA(p, q) model, however. A general EPFA(p, q)

provides more flexibility in modeling multivariate time series, but it is more prone to estimation
problems than an EFPA(p,0) model. The estimation problems are partly due to the MA part,
whose identification is nontrivial. Once again, substantive knowledge should guide the search
for a time series model as well.

Molenaar and Nesselroade (2001) considered a special transformation in the context of an-
other model. They attempted to improve the interpretability of shock factor analysis by mini-
mizing lagged factor loadings and converting uncorrelated factors to a MA process or an AR
process. In contrast, factor rotation considered in the present article attempts to improve the in-
terpretability of EPFA by making the rotated factor loading matrix closer to Thurstone’s simple
structure.

The increased prevalence of multivariate time series data in the social and behavioral sci-
ences has provided ample opportunities to study intra-individual change patterns from a latent
variable perspective. EPFA is a data-driven procedure to uncover change patterns of latent pro-
cesses and relations among latent processes and manifest variables. The analytic standard errors
developed in the present article are instrumental in helping social and behavioral scientists to
take advantage of these opportunities.
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Appendix A. Analytic Standard Errors of Equation (22)

This appendix provides more details on how to modify Proposition 2 in Browne (1984)
for EPFA for use with time series data. The main result of Proposition 2 is stated briefly first.
Modifications are then discussed.
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Proposition 2 in Browne (1984) provides asymptotic standard errors for generalized least
squares estimation of covariance structures with independent data. Let γ̂ be an estimate obtained
by minimizing

F
(
S,�(γ )

) = (
s − σ (γ )

)′
U−1(s − σ (γ )

)
. (A.1)

Here S is the sample covariance matrix, �(γ ) is the model-implied covariance matrix, s is the
vector form of S, σ (γ ) is the vector form of �(γ ), and U−1 is a weight matrix. The weight
matrix can either be a stochastic matrix or a constant matrix. The asymptotic covariance matrix

of δ̂γ = n
1
2 (γ̂ − γ 0) is (Browne, 1984, Proposition 2)

Cov
(
γ̂ , γ̂ ′) ≈ T −1(�′

0U
−1

�0
)−1(

�′
0U

−1
ϒU

−1
�0

)(
�′

0U
−1

�0
)−1

. (A.2)

Here �0 is the model Jacobian matrix, U is the limit of the stochastic matrix U , and ϒ is the
asymptotic covariance matrix of s.

Three parts of Equation (A.2) are modified so it will be suitable for ordinary least squares es-
timation of EPFA with time series data. First, EPFA models are estimated with manifest variable
lagged correlations of time series. The matrix ϒ in Equation (A.2) is replaced by the asymp-
totic covariance matrix of manifest variable lagged correlations. Second, we take U = I so that
Equation (A.2) becomes

Cov
(
γ̂ , γ̂ ′) ≈ T −1(�′

0�0
)−1(

�′
0ϒ�0

)(
�′

0�0
)−1

. (A.3)

Third, because the EPFA model is not identified, it follows that the rank of the model Jacobian
matrix �o is less than q∗. Consequently (�′

0�0)
−1 does not exist. Rotation identification con-

straints are used to identify the EPFA model. We next describe how to modify Equation (A.2) so
these constraints are properly dealt with.

Because k2 constraints are needed to identify the EPFA model, rank(�0) = q∗ − k2. Let L0
be the constraint Jacobian matrix such that rank(�′

0 L′
0) = q∗. Let H+ be a (q∗ +k2)× (q∗ +k2)

bordered matrix

H+ =
[
�′

0�0 L′
0

L0 0

]
. (A.4)

The bordered matrix H+ is symmetric and nonsingular (Pringle & Rayner, 1970, Corollary 3).
Let (�′

0�0)
∼ be the first q × q principal minor of H−1+ ,

H−1+ =
[
�′

0�0 L′
0

L0 0

]−1

=
[(

�′
0�0

)
∼ ·

· ·
]

(A.5)

Replacing (�′
0�0)

−1 in Equation (A.3) with (�′
0�0)

∼ produces an analytic standard error
estimator for EPFA with time series data,

Cov
(
γ̂ ,̂γ ′) ≈ T −1(�′

0�0
)
∼

�′
0ϒ�0

(
�′

0�0
)
∼

. (A.6)

Here the q∗ × q∗ matrix (�′
0�0)

∼ can be computed directly (Pringle & Rayner, 1971, Corol-
lary 4, p. 52; Graybill, 1983, Corollary 7.6.13.1, p. 175),

(
�′

0�0
)
∼ = (

�′
0�0 + L′

0L0
)−1(

�′
0�0

)(
�′

0�0 + L′
0L0

)−1
. (A.7)

Because all the constraints are identification conditions in EPFA, the result (Pringle &
Rayner, 1971, Theorem 2.19(a), p. 33; Graybill, 1983, Theorem 7.6.13(3), p. 175)

�0
(
�′

0�0 + L′
0L0

)−1
L′

0 = 0 (A.8)
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can be used to further simplify the analytic standard error estimator of Equation (A.6):
From Equations (A.7) and (A.8),

(
�′

0�0
)
∼

�′
0 = (

�′
0�0 + L′

0L0
)−1(

�′
0�0

)(
�′

0�0 + L′
0L0

)−1
�′

0

= (
�′

0�0 + L′
0L0

)−1((
�′

0�0 + L′
0L0

) − L′
0L0

)(
�′

0�0 + L′
0L0

)−1
�′

0

= (
�′

0�0 + L′
0L0

)−1
�′

0.

and substitution into Equation (A.6) gives

Cov
(
γ̂ , γ̂ ′) ≈ T −1(�′

0�0 + L′
0L0

)−1
�′

0ϒ�0
(
�′

0�0 + L′
0L0

)−1
. (A.9)

Appendix B. A DyFA 3 Input File for the Empirical Illustration

An annotated DyFA 3 input file conducting the empirical illustration reported in the article
is provided in this appendix. Annotations and software code are shown in different fonts.

Title = An illustration of SEs and CIs for EDFA;
Unique features of a model can be included in the paragraph of Title.

Options=(data=cor,type=1,mv=6,nf=2,nar=1,nma=0);
Options=(nt=98,nlag=1,rot=2,loadfree=1,nlagnew=4);
The dynamic factor analysis model is specified in the paragraph of Options. This paragraph can
be separated into multiple lines, but each line should begin with Options = . These options
are explained next.
The option data=cor specifies that the input data are lagged correlation matrices;
The option type=1 specifies an exploratory DFA model;
The option mv specifies the number of manifest variables;
The option nf specifies the number of process factors;
The option nar specifies the AR order;
The option nma specifies the MA order;
The option nt specifies the time series length;
The option nlag=2 specifies that the model is fitted to the lag 0, lag 1, and lag 2 manifest
variable correlation matrices;
The option rot=2 specifies that the rotation criterion is CF-varimax;
The option loadfree=1 specifies a one-stage estimation method;
The option nlagnew=4 specifies that the asymptotic covariance matrix of lagged correlations �

is estimated using nine summations for the infinite series in Equation (33).

Mnames=PA1,PA2,PA3,Anxiety1,Anxiety2,Anxiety3;
Manifest names are specified in the paragraph of Mnames.

Fnames=PA,Anxiety;
process factor names are specified in the paragraph of Fnames.

TargetL=;
? 0
? 0
? 0
0 ?
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0 ?
0 ?
This is the order matrix used for alignment purposes.

***
These three consecutive stars *** indicates the end of the model specification. It should be
followed by the input data.
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