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Structural equation models are increasingly used as a modeling tool for multivariate time series data
in the social and behavioral sciences. Standard error estimators of SEM models, originally developed
for independent data, require modifications to accommodate the fact that time series data are inherently
dependent. In this article, we extend a sandwich-type standard error estimator of independent data to
multivariate time series data. One required element of this estimator is the asymptotic covariance matrix
of concurrent and lagged correlations among manifest variables, whose closed-form expression has not
been presented in the literature. The performance of the adapted sandwich-type standard error estimator
is evaluated using a simulation study and further illustrated using an empirical example.
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Social and behavioral scientists are increasingly recognizing the utility of time series analy-
sis in studying behavioral change (Browne & Nesselroade, 2005; Borckardt, Nash, Murphy,
Moore, Shaw, & O’Neil, 2008; Ferrer & Zhang, 2009; West & Hepworth, 1991). Because a
time series consists of repeated observations of the same individual, it provides a direct basis for
studying patterns of change unique to the individual. However, because time series data are gen-
erally correlated, effective modeling of such data requires that researchers address this inherent
lack of independence.

Structural equation modeling (SEM; Bollen, 1989), a popular framework for structuring
models of independent data, has been adapted in recent years to fit time series models (Browne
& Zhang, 2007; Du Toit & Browne, 2007; Molenaar, 1985; Van Buuren, 1997). One advantage
of the SEM approach is its capability of handling variables contaminated by measurement error
through the inclusion of latent variables. The SEM approach thus affords researchers a powerful
tool for uncovering complex patterns of change within a latent variable modeling framework.
However, developing standard error (SE) estimators in this situation is a nontrivial task because
SE estimators in SEM were derived for independent observations but time series are inherently
dependent. For example, using a simulation study with a shock factor analysis model with a block
Toeplitz matrix formed of concurrent and lagged covariances, Molenaar and Nesselroade (1998)
demonstrated that pseudo-ML SE estimates were biased even for long time series, whereas gen-
eralized least squares (GLS) SE estimates were essentially unbiased in the same conditions.
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The sandwich-type SE estimator reported in the present article differs from those adopted
in Molenaar and Nesselroade (1998) in three important ways. First, we consider the case where
model fitting is performed using concurrent and lagged correlations, as opposed to variance-
covariance elements. Standardized results are often more interpretable than unstandardized re-
sults. Estimating the model with correlations using ordinary least squares (OLS) has the ad-
ditional benefit of giving equal “weights” to all variables, which may be preferred in cases
where the scales of the variables are arbitrary. There is currently no direct way of obtaining
SE estimates of SEM models with concurrent and lagged correlations in the literature. Al-
though alternatives based on bootstrap methods have been suggested (Zhang & Browne, 2010;
Zhang & Chow, 2010), such methods are too computationally intensive in some empirical ap-
plications. In the present study, we explicitly compare our proposed sandwich-type SE estimator
to a bootstrap SE estimator to gain some insights on the performance and practical utility of the
two approaches.

Second, all estimation and computation in the present article are done using vectors with
distinct elements of concurrent and lagged correlations (Browne & Zhang, 2007). This is in
contrast to other common approaches for fitting time series models in which a block-Toeplitz
correlation matrix is involved (e.g., Chow, Nesselroade, Shifren, and McArdle, 2004; Molenaar
& Nesselroade 1998; Nesselroade, McArdle, Aggen, & Meyers 2002). The block-Toeplitz cor-
relation matrix contains considerable redundant correlation elements. This redundancy leads to
false degrees of freedom that have to be explicitly adjusted, whereas such adjustments are not
needed in the proposed approach.

Third, we focus herein on using ordinary least squares (OLS) to obtain point estimates
(Browne & Zhang, 2007) and present our SE estimator in the context of these OLS estimates.
OLS is chosen in the present article for its practical advantages in situations involving smaller
sample sizes (i.e., time series of finite lengths) in comparison to alternative approaches such as
GLS. This is because the GLS requires inverting a high-dimensional weight matrix, which can
be computationally expensive and numerically unstable in many cases. In addition, the weight
matrix needed to derive GLS point estimates contains fourth moments of the empirical time se-
ries, whose accurate estimation requires longer time series. There are other difficulties (e.g., the
weight matrix may not be positive definite) that have to be resolved using additional procedures
(e.g., by using a ridge option as in Molenaar & Nesselroade 1998). We elaborate on one perti-
nent issue—that GLS SE estimation requires the fitted model to be correctly specified whereas
reasonable sandwich-type SE estimates can still be obtained in the presence of moderate lack of
fit—in the Discussion section.

In sum, the key objective of the present article is to present an analytic sandwich-type SE
estimator of SEM-based time series models in closed-form when lagged correlation matrices are
used for model fitting. This SE estimator is adapted from the sandwich-type SE estimator pro-
posed by Browne (1984, Proposition 2) for independent data. Compared to the original sandwich-
type SE estimator for independent data, the adapted SE estimator requires the lagged correlation
matrices, in addition to the concurrent correlation matrices. The adapted sandwich-type SE es-
timator also requires the asymptotic covariance matrix of correlations and lagged correlations,
whose estimation is more complex in cases involving time-dependent data. Although the analytic
formulas for computing all elements of the asymptotic covariance matrix of lagged correlations
in the univariate case and some elements in the bivariate case have been presented in time series
textbooks (Brockwell & Davis, 1991), generalization to the multivariate case, to our knowledge,
has not been presented in the literature. In the present article, we derive such an asymptotic co-
variance matrix of lagged correlations and provide an analytic expression of the proposed SE
estimator.

In the following sections, we present a general overview of the proposed sandwich-type
SE estimator and the role of the asymptotic covariance matrix of lagged correlations. We then
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derive the asymptotic covariance matrix of lagged correlations using the delta method. Next we
review the time series model used in our modeling examples and follow with illustrations of the
sandwich-type SE estimator in comparison to a bootstrap SE estimator using a simulation study
and an empirical data set.

1. A Sandwich-Type SE Estimator

Let x1,x2, . . . ,xT be a p-variate stationary time series whose statistical properties are in-
variant across different time points. For example, the mean vector, covariance matrix, and lagged
covariance matrices are invariant at different time points.1 To fit time series models to stationary
data, we need to compute several summary statistics. First, sample concurrent covariance matrix
S0 and lagged covariance matrices S1, . . . ,Sl , . . . ,SL are computed from the sample time series
as

Sl = 1

T

t=T −l∑

t=1

(xt+l − x)(xt − x)′, (1)

where L is the maximum lag of interest. Here, x is the sample mean

x = 1

T

T∑

t=1

xt . (2)

Lagged correlation matrices Rl are obtained by standardizing lagged covariance matrices,

Rl = Diag(S0)
− 1

2 Sl Diag(S0)
− 1

2 . (3)

The concurrent correlation matrix R0, also being referred to as the lag 0 correlation matrix,
is a symmetric matrix. Its diagonal elements are one and off-diagonal elements are concurrent
correlations between different components of xt . The lag l correlation matrix Rl are generally
nonsymmetric if l > 0. Let xt,i be the ith component of xt . Diagonal elements of Rl are lagged
auto-correlations: Rl,ii is the correlation between xt,i and xt+l,i . Off-diagonal elements of Rl are
lagged cross-correlations: Rl,ij is the correlation between xt+l,i and xt,j ; Rl,j i is the correlation
between xt+l,j and xt,i . These two correlations are in general different.

One standard way of fitting time series models in SEM is to use the concurrent and lagged
correlations to construct a block-Toeplitz matrix (Molenaar, 1985). In this case, the block-
Toeplitz matrix is a correlation matrix of a p(L + 1) × 1 vector [x′

0 x′
1 . . . x′

L]′, obtained by
stacking lagged correlation matrices together to yield

⎡

⎢⎢⎢⎢⎢⎣

R0 R′
1 R′

2 · · · R′
L

R1 R0 R′
1 · · · R′

L−1

R2 R1 R0 · · · R′
L−2

...
...

...
. . .

...

RL RL−1 RL−2 · · · R0

⎤

⎥⎥⎥⎥⎥⎦
. (4)

It is important to note that the first block column contains all the information of the block Toeplitz
matrix.

1To be precise, the time series is weakly stationary in this case. Strong stationarity requires the density function of
the time series to remain invariant at different time points. Strong stationarity implies weak stationarity. Weak stationarity
is sufficient for most time series models.
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As shown in Equation 1, the lag 0 covariance matrix S0 involves a sum over T terms, the lag
1 covariance matrix S1 involves a sum over T − 1 terms, the lag 2 covariance matrix S2 involves
a sum over T − 2 terms, and so forth. The divisor is T for all lags, however. An advantage
of using the common divisor T is that the block Toeplitz matrix of Equation 4 does not have
negative eigenvalues.

Let θ be a q × 1 parameter vector and let P l(θ) denote the concurrent (l = 0) or lagged
(l > 0) correlation structure implied by the time series model. Browne and Zhang (2007) de-
scribed how to obtain parameter estimates θ̂ by minimizing a discrepancy function between the
model-implied concurrent and lagged correlation matrices and the sample concurrent and lagged
correlation matrices

fols =
L∑

l=0

trace
(
Rl − P l(θ)

)2
. (5)

The OLS discrepancy function can be written more conveniently by expressing the concur-
rent and lagged correlation matrices as vectors. Let W be a p × p matrix. The operator vec(W )

gives a p2 ×1 vector containing columns of W . If W is a symmetric matrix, the operator vecs(W )

gives a p(p + 1)/2 × 1 vector containing diagonal and upper diagonal elements of W and the
operator vecp(W ) gives a p(p − 1)/2 × 1 vector containing upper diagonal elements of W . Us-
ing these operators, the vector of sample concurrent and lagged covariances and the vector of
sample concurrent and lagged correlations are defined as,

s = [
vecs(S0)

′ vec(S1)
′ vec(S2)

′ . . . vec(SL)′
]′
, (6)

r = [
vecp(R0)

′ vec(R1)
′ vec(R2)

′ . . . vec(RL)′
]′
. (7)

Let σ and ρ denote the corresponding vector of population concurrent and lagged covariances
and the vector of population concurrent and lagged correlations, respectively. Elements in σ , ρ,
s, and r are represented using three subscripts. For example, r lij is the element of the ith row
and j th column in Rl .

Let ρ(θ) denote the vector form of concurrent and lagged correlation structures implied by
the time series model. Equation 5 can be expressed as

fols = (
r − ρ(θ)

)′(
r − ρ(θ)

)
. (8)

Let θ̂ols be the parameter estimates obtained by minimizing the discrepancy function of
Equation 8. A sandwich-type SE estimator, derived by Browne (1984, Proposition 2) for SEM
models with independent observations, can be adapted for estimating SEs of SEM models with
time series data,

cov
(̂
θols

) = T −1[ρ̇
(
θ∗

ols

)′
ρ̇
(
θ∗

ols

)]−1[
ρ̇
(
θ∗

ols

)′
Y ρ̇

(
θ∗

ols

)][
ρ̇
(
θ∗

ols

)′
ρ̇
(
θ∗

ols

)]−1
. (9)

Here θ∗
ols is a vector of population parameter values obtained by minimizing the discrepancy

function of Equation 8 in which the sample concurrent and lagged correlations r are replaced
by the corresponding population concurrent and lagged correlations ρ. The sandwich-type SE
estimator involves partial derivatives of the concurrent and lagged correlations with respect to
the model parameters,

ρ̇
(
θ∗

ols

) = ∂ρ(θ)

∂θ ′

∣∣∣∣
θ=θ∗

ols

.

The (p(p − 1)/2 + p2L) by q matrix of derivatives are evaluated at θ∗
ols. To use the sandwich-

type SE estimator in practice, one needs to replace the population vector θ∗
ols with its sample
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estimate θ̂ols. At the very center of the sandwich-type SE estimator is a (p(p − 1)/2 + p2L)

by (p(p − 1)/2 + p2L) matrix Y , which is the asymptotic covariance matrix of concurrent and
lagged correlations of the multivariate time series xt .

Because the sandwich-type SE estimator shown in Equation 9 does not involve second or-
der derivatives, its implementation is simpler than those of the sandwich-type SE estimators
described elsewhere (e.g., in the context of linear regression problems, White, 1980; nonlinear
regression problems, White, 1981; nonlinear regression problems with heteroscedastic regression
error and serial correlated regression error, White & Domowitz, 1984; and SEM with indepen-
dent data, Yuan & Hayashi, 2006). The SE estimator of Equation 9 is appropriate if the model is
true or the lack of fit is moderate (Browne, 1984, R5). Moderate lack of fit can be interpreted as
being that model error is no larger than random sampling error.

1.1. The Asymptotic Distribution of Lagged Correlation matrices

Some elements of the asymptotic covariance matrix of concurrent and lagged correlation
matrix, Y , may be computed using Bartlett’s formulas. Variances and covariances of lagged cor-
relations of a univariate time series can be computed using Bartlett’s formula (Bartlett, 1955,
p. 256); variances and covariances of lagged cross correlations of a bivariate time series can be
computed using another version of Bartlett’s formula (Bartlett, 1955, p. 289). Some other ele-
ments of Y cannot be computed using the Bartlett’s formulas, for example, covariances between
lagged cross correlations and lagged autocorrelations. The sandwich-type SE estimator depicted
in Equation 9 requires all elements of Y , however. To our knowledge, there is no published refer-
ence that documents all elements of Y . Here, we show that Y can be derived from the asymptotic
covariance matrix of concurrent and lagged covariances using the delta method.

Let xt be a p-variate normally distributed stationary time series. The asymptotic distribution
of its lagged covariances is a multivariate normal distribution,

√
T (s − σ ) −→ N(0,�s). (10)

Here, σ and s are (p(p + 1)/2 + p2L)× 1 vectors containing population and sample concurrent
and lagged covariances. A typical element of the asymptotic covariance matrix �s is given in
Hannan (1970, p. 209, Equation 3.3),2

T · Cov(sm,ij , sn,kl) =
∞∑

u=−∞
[σu,jlσu−n+m,ik + σu−n,jkσu+m,il]. (11)

Here, m, n, i, j , k, l, and u are integers. They satisfy the following requirements: 0 ≤ m ≤ L,
0 ≤ n ≤ L, 1 ≤ i ≤ p, 1 ≤ j ≤ p, 1 ≤ k ≤ p, 1 ≤ l ≤ p, and −∞ < u < ∞. Hannan’s original
formula involves fourth cumulants of the multivariate time series, but those fourth cumulants
vanish for normal multivariate time series. Molenaar and Nesselroade (1998) described GLS
estimation of shock factor analysis with a block Toeplitz matrix formed from concurrent and
lagged covariances. They computed the asymptotic covariance matrix of elements of the block
Toeplitz matrix using Hannan’s formula.

As shown in Equation 3, standardizing sample concurrent and lagged covariance matrices
produces sample concurrent and lagged correlation matrices. Similarly, standardizing population

2Hannan (1970, p. 208) defined lagged covariance matrices and lagged correlation matrices differently from other
textbooks (Brockwell & Davis, 1991, p. 406). Adjustments have been made in Equation 11 so it is appropriate for lagged
covariance matrices defined as in Equation 1.
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concurrent and lagged covariance matrices produced population concurrent and lagged correla-
tion matrices. These two matrix-form equations can be expressed in vector form as

ρ = g(σ ), r = g(s). (12)

By the delta theorem (Ferguson, 1996, Theorem 7, p. 45), the asymptotic distribution of concur-
rent and lagged correlations

√
T (r − ρ) is a multivariate normal distribution with the null mean

vector and covariance matrix Y ,

Y = ∂g(σ )

∂σ ′ �s
∂g′(σ )

∂σ
. (13)

A typical element of Y is given by

T · Cov(rm,ij , rn,kl) =
∞∑

u=−∞

{
1

2
ρm,ij ρn,kl

[
ρ2

u,ik + ρ2
u,jk + ρ2

u,il + ρ2
u,j l

]

− ρn,kl[ρu,jkρu+m,ik + ρu,jlρu+m,il]
− ρm,ij [ρu,ilρu−n,ik + ρu,jlρu−n,jk]

+ [ρu,jlρu−n+m,ik + ρu−n,jkρu+m,il]
}
. (14)

Details of the derivation can be found in Appendix.
Equation 14 expresses the asymptotic covariance matrix of concurrent correlations and

lagged correlations up to lag L as functions of population concurrent correlations and lagged
correlations up to infinity. To use Equation 14 in practice requires determining an integer L∗
such that contributions of lagged correlations beyond L∗ are negligible.

The number of summed terms, L∗, should be larger than L, which is the highest lag order
in ρ and r in Equation 8. For stationary time series, lagged correlations dissipate toward zero
rapidly. In the simulation study and empirical illustration, L∗ = 30 was found to work satis-
factorily. Alternatively, an iterative method may be used to determine an appropriate L∗. The
asymptotic covariance matrix Ŷ is estimated twice using L∗ and L∗ + 1 and denoted by ŶL∗
and ŶL∗+1. If the difference between ŶL∗+1 and ŶL∗ is deemed negligible, the current L∗ is
sufficient; if the difference is too large, a larger L∗ should be considered. The difference between
ŶL∗ and ŶL∗+1 may be measured using the largest absolute difference or the sum of squared
differences.

Another practical issue is to estimate lagged correlations up to lag L∗. One method is to
fit the model of interest to concurrent correlations and lagged correlations up to lag L and
subsequently to compute the model-implied lagged correlations up to L∗ using the parameter
estimates. Because model implied concurrent correlations and lagged correlations up to L are
computed as the model is being estimated, obtaining model implied lagged correlations up to lag
L∗ requires little additional computational resources.

It is worth noting that our proposed sandwich-type SE estimator of SEM models is con-
structed using only the first column of the big block Toeplitz correlation matrix. A sandwich-
type SE estimator can be developed for SEM models with all elements of the big block Toeplitz
correlation matrix. At the very center of the sandwich-type SE estimator is a big matrix of vari-
ances and covariances of all elements of the big block Toeplitz matrix. This matrix is much
larger than Y in Equation 9. For example, the empirical illustration involves lag 0 to lag 2
correlation matrices of a 6-variate time series. When the model is fitted to the first block col-
umn, the size of the asymptotic covariance matrix of lagged correlations is 85 × 85; when the
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model is fitted to all elements of the Toeplitz matrix, the size the asymptotic covariance matrix
of lagged correlations is 171 × 171. Both matrices can be estimated using Equation 14, how-
ever.

1.2. A Bootstrap SE Estimator for SEM with Lagged Correlations

The bootstrap is a computer intensive procedure for obtaining SE estimates. Because time
series data are dependent, the usual bootstrap of resampling individual observations produces
invalid SE estimates (Singh, 1981). Künsch (1989) proposed to use the moving block bootstrap
to obtain SE estimates with time series data. The moving block bootstrap breaks down the sample
time series into overlapping blocks. Bootstrap parameter replications are obtained from a random
sample of blocks rather than individual data points. The moving block bootstrap has been adapted
for SEM with lagged correlations (Zhang & Browne, 2010).

2. Model for Illustrative Examples

When multiple measures of the constructs of interest are available, dynamic factor analysis
(Browne & Nesselroade, 2005; Browne & Zhang, 2007; Molenaar, 1985; Nesselroade et al.,
2002)—a technique that combines a factor analytic model and a time series model of choice at
the factor level—is particularly suitable for modeling multivariate time series with measurement
error. We use one particular dynamic factor analysis, the process factor analysis model (Browne
& Nesselroade, 2005; Browne & Zhang, 2007; McArdle, 1982), as our illustrative model. The
model consists of two equations. The first equation, written as

xt = μt + �f t + et , (15)

specifies that the time series of manifest variables xt is linear combinations of time series of
latent factors f t and measurement error variables et . The second equation specifies that the time
series of latent factors follows a vector autoregressive moving average [VARMA (α, β)] process
as

f t =
α∑

i=1

Aif t−i +
β∑

j=1

Bjzt−j + zt . (16)

The factor scores at the current time, f t , are directly influenced by factor scores at α previous
time points f t−1, . . . ,f t−i , . . . ,f t−α and shock variables at concurrent and β previous time
points, zt ,zt−1, . . . ,zt−j , . . . ,zt−β . The influence of f t−i on f t is indicated by the autoregres-
sive (AR) weight matrix Ai ; the influence of zt−j on f t is indicated by the moving average
(MA) weight matrix Bj . An implication of the VARMA specification in Equation 16 is that cur-
rent factor scores f t are indirectly affected by previous factor scores beyond α time points and
previous shock variables beyond β time points. These indirect effects are exerted through factor
scores within α previous time points.

The process of interest, for example, mood or emotion, often starts in the far past and has
been stabilized long before the study began. The influence of time series of previous time points
on the current time series is summarized in an initial state vector h1 (Du Toit & Browne, 2007,
Equation 4)

h1 =
[

h11
h12
h13

]
=

[
A3 A2 A1
0 A3 A2
0 0 A3

][
f −2
f −1
f 0

]
+

[
B3 B2 B1
0 B3 B2
0 0 B3

][
z−2
z−1
z0

]
. (17)
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This is an example of a stationary VARMA(3,3) process. The factor scores f 1 can be written as
the sum of two parts,

f 1 = h11 + z1. (18)

Consequentially variances of latent factor time series can be partitioned into two parts: a part due
to the initial state vector and a part due to concurrent shock variables. The variances of initial
state vector are measures of the amounts of variance of latent factor time series at the current time
explained by preceding latent variable time series (Browne & Zhang, 2007, Equation 13.23).
Large initial state vector variances indicate that variations in the current latent factor time series
are mainly due to preceding time series; small initial state vector variances indicate that variations
in the current latent factor time series are mainly due to shock variables and that preceding time
series have negligible contribution.

The process factor analysis model is simply one example of the many time series models that
can be used to describe patterns of change in a multivariate time series. Other examples include
the shock factor analysis model (Molenaar, 1985) and VARMA models for manifest variables.
The sandwich-type SE estimator proposed in the present article can be used with any of these
models. We focus on using the process factor analysis model as an illustrative model.

3. A Simulation Study

The primary purpose of the simulation study is to demonstrate the sandwich-type SE esti-
mator for time series data. In addition, sandwich-type SE estimates are compared with bootstrap
SE estimates (Zhang & Browne, 2010). The demonstration involves a confirmatory process fac-
tor analysis model. The parameter estimates were obtained by minimizing the OLS discrepancy
function with regard to concurrent and lagged correlations.

3.1. Design of the Simulation Study and Population Values

The process factor analysis model (see Equations 15 and 16) involves two factors and each
factor has five indicator variables. The two factors have an AR(1) process. Four time series
lengths, namely, T = 50, 100, 200, and 1000 were considered. Most time series collected in
the social and behavioral sciences are shorter than 100. The time series length T = 200 was
included for comparison purposes and T = 1000 was included to explore asymptotic properties
of the proposed SE estimator.

To make results of the simulation study more relevant to empirical studies, the factor load-
ings were chosen to cover a range of values, with

� =
[

0.3 0.4 0.5 0.6 0.7 0 0 0 0 0
0 0 0 0 0 0.5 0.6 0.7 0.8 0.9

]′
.

The measurement error variables et are independent and normally distributed. Their means are
zero and their variances are

[ 0.91 0.84 0.75 0.64 0.51 0.75 0.64 0.51 0.36 0.19 ] .

The AR weight matrix is given by

A =
[

0.40 0.34
0 0.60

]
.
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Its diagonal elements are autoregressive weights representing the influence of the latent factors
at time t on themselves at time t + 1. The off-diagonal elements are cross-lag regression weights
representing the influence of the latent factors on each other. The AR matrix A specifies that the
influence of the second factor at t on the first factor at t + 1 is 0.34 and the first factor at t has no
influence on the second factor at t + 1. The shock variables zt are normally distributed, N(0,�),
with

� =
[

0.54 0.32
0.32 0.64

]
.

At each time series length, N = 1000 10-variate time series were generated. Time series of
manifest variables were generated using a two-step procedure. In the first step, stationary time
series of two factors were generated according to the VAR (1) model using A and � . To ensure
that the simulated time series of factors are stationary from the first time point, an initial state
vector was employed (Du Toit & Browne, 2007). In the second step, time series of manifest
variables were generated according to the factor analysis model using the time series of latent
variables generated at the first step.

3.2. Sandwich-Type SEs and Empirical SEs

The confirmatory dynamic factor analysis model specified in Equations 15 and 16 was fitted
to concurrent correlations and lagged correlations up to lag 1 using the computer program DyFA
2.03 (Browne & Zhang, 2005). The factor loading pattern was specified to mirror the population
factor loading matrix with the first five manifest variables loading on the first factor and the
remaining five manifest variables loading on the second factor. The regression weight of a21
was specified to be zero and other three regression weights were free parameters. Sandwich-type
SEs were computed using Equation 9 with the population parameter values, A, � , �, and Dε .
The asymptotic covariance matrix of lagged correlations of manifest variables was computed
according to the AR(1) process dynamic factor analysis model. The number of summed terms
was chosen to be L∗ = 30. The sandwich-type SEs were compared to empirical SEs computed
from N = 1000 simulation samples at each of the four time series lengths. The empirical SE of
a parameter was defined as the standard deviation of N = 1000 point estimates of the parameter.

Figure 1 displays a graphic comparison of the sandwich-type SEs and the empirical SEs of
factor loadings, AR weights, shock variable variances and covariance, and factor lagged correla-
tions. Note that the factor loadings, AR weights, and shock variable variances and covariances are
parameters in the model whereas the factor lagged correlations are functions of these parameters.
SEs of the factor lagged correlations are derived by applying the delta method to the covariance
matrix of the model parameters. Superimposed on the four plots is the line y = x. A point above
the line indicates that a sandwich-type SE is larger than the corresponding empirical SE; a point
below the line indicates that a sandwich-type SE is smaller than the corresponding empirical SE.

The sandwich-type SEs are close to the empirical SEs computed in the simulation study
at all time series lengths, particularly for T that were at or greater than 100. Even at the time
series length T = 50, sandwich-type SEs of most parameters were quite close to their empirical
counterparts. The closeness between the sandwich-type SEs and the empirical SEs improved as
the time series length T increased. At T = 1000, almost all the points were on the line y = x.

3.3. Coverage Performance of Confidence Intervals

We also computed sandwich-type SE estimates in each simulation sample, in which Â, �̂ ,
�̂, D̂ε , and Ŷ were used in Equation 9. Confidence intervals were constructed using the OLS
point estimates and the associated SE estimates. For example, a 90% confidence interval for a
factor loading λ was constructed by λ̂ols ± 1.645 × ŜEλ̂ols

. When a parameter has natural bounds,
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FIGURE 1.
Accuracy of the sandwich-type SEs compared with the empirical SEs at different time series lengths. Loading = factor
loadings, AR = AR weights, shock = shock variable variances and covariances, and corr = lagged factor correlations.
SEs shown in the plots have been multiplied by

√
T to make SEs at different time series lengths comparable.

for example, a factor correlation, a confidence interval constructed in this manner can include
regions beyond the natural bounds. To ensure that confidence intervals include only legitimate
regions, monotonic transformations are considered for lagged factor correlations (bounded by −1
and 1), shock variable variances (bounded by 0 and 1), initial state vector variances (bounded
by 0 and 1), and measurement error variances (bounded by 0 and 1). The transformed scales
are unbounded. A confidence interval is constructed at the transformed scale first and is then
transformed back to the original bounded scale. The Fisher Z transformation was considered for
lagged factor correlations; a similar transformation (Browne, 1982, pp. 95–96) was considered
for shock variable variances, initial state vector variances, and measurement error variances.

Ninety percent confidence intervals were constructed in each of N = 1000 simulation sam-
ples at each time series length. The coverage performance of a confidence interval was assessed
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FIGURE 2.
Coverage performances of 90% CIs. Loading = factor loadings, AR = AR weights, shock = shock variable variances
and covariances, and corr = lagged factor correlations.

with its empirical coverage rates in N = 1000 simulation samples,

c = The number of CIs covering θ

1000
× 100%.

Figure 2 displays empirical coverage rates of confidence intervals for factor loadings, AR
weights, shock variable variances and covariance, and lagged factor correlations. Empirical cov-
erage rates of most CIs were close to the nominal level of 90% at T = 100, T = 200, and
T = 1000. As the time series length T increases, the empirical coverage rates of CIs become
closer to 90%. The improvement of coverage performances of these CIs at T = 100 versus those
at T = 50 is the most substantial one. Even at T = 50, empirical coverage rates of CIs of most
parameters are close to 90%. There are a few exceptions, however. The empirical coverage rates
of two elements of the shock variable covariance matrix are larger than 95%; the empirical cov-
erage rates of two lagged correlations of latent factors are at 84%.

3.4. Sandwich-Type SE Estimates and Bootstrap SE Estimates

To compare sandwich-type SE estimates and bootstrap SE estimates, we obtained bootstrap
SE estimates in the first 100 simulation samples. Accuracy of SE estimates are assessed using
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FIGURE 3.
Comparisons between sandwich-type SE estimates and bootstrap SE estimates. “L50” stands for SE estimates of a factor
loading λ31 at T = 50. “A50” stands for SE estimates of an AR weight a11 at T = 50. Other notations are defined
similarly.

ratios of SE estimates and the corresponding empirical SE. A ratio of 1 indicates a perfect match
between a particular SE estimate and the corresponding empirical SE; a ratio that is far away from
1 indicates that the SE estimate deviates substantially from the empirical SE estimate. Figure 3
displays such ratios of sandwich-type SE estimates and bootstrap SE estimates of a factor load-
ing λ31 and an AR weight a11. SE estimates of other parameters have a similar pattern. Three
observations can be made about the comparisons. First, both the sandwich-type SE estimates
and the bootstrap SE estimates are close to the corresponding empirical SEs in most simulation
samples. As time series become longer, both types of SE estimates move even closer to their em-
pirical SEs. Second, the sandwich-type SE estimates of the factor loading are more satisfactory
than the sandwich-type SE estimates of the AR weight at T = 50 and T = 100. On the other
hand, most bootstrap SE estimates of the factor loading and most bootstrap SE estimates of the
AR weight are similar at T = 50 and T = 100. Third, sandwich-type SE estimates are slightly
negatively biased at T = 50 and T = 100, but bootstrap SE estimates are essentially unbiased
at T = 50 and T = 100. Both types of SE estimates are unbiased at T = 200 and T = 1000.
Excluding a few outliers, sandwich-type SE estimates tend to have smaller variances than the
bootstrap SE estimates: this becomes more evident for T = 200 and T = 1000. More comments
on the comparison between sandwich-type SE estimates and bootstrap SE estimates are provided
in the Discussion section.

4. An Empirical Illustration

Nesselroade et al. (2002) illustrated how to estimate the direct autoregressive factor score
model with a block Toeplitz matrix formed from concurrent correlations and lagged correla-
tions using the pseudo-ML method. Because their focus was to obtain point estimates and an
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appropriate SE estimator of pseudo-ML estimates is difficult, no SE estimates were reported in
Nesselroade et al. (2002). In the present article, we illustrate the sandwich-type SE estimator
using the same data set.

The data set (Lebo & Nesselroade, 1978) consists of a 6-variate time series of a participant’s
daily ratings of six mood adjectives on 103 consecutive days. The six adjectives are “active”,
“lively”, “peppy”, “sluggish”, “tired”, and “weary”. The first three are indicators of the latent
factor “energy” and the last three are indicators of the latent factor “fatigue”.

We adopted a model similar to the direct autoregressive factor score model considered in
Nesselroade et al. (2002). The factor loadings of “active”, “lively”, and “peppy” on “fatigue”
were specified to be zero; the factor loadings of “sluggish”, “tired”, and “weary” on “energy”
were specified to be zero. The two factors “energy” and “fatigue” were represented as two AR(2)

processes, that is, their AR(1) and AR(2) weight matrices were specified as diagonal matrices.
Shock variables of these two factors were constrained to be correlated within the same time point,
but uncorrelated across different time points.

Point estimates of the VAR(2) confirmatory process factor analysis model were obtained
by fitting the model directly to the concurrent correlations and lagged correlations up to L = 2
using DyFA 2.03 (Browne & Zhang, 2005). SE estimates were obtained according to Equation 9.
The asymptotic covariance matrix of manifest variable concurrent correlations and lagged cor-
relations up to L = 2 was estimated using Equation 14 with L∗ = 30. Manifest variable lagged
correlations up to L∗ = 30 were computed according to the VAR(2) confirmatory process dy-
namic factor analysis model with population parameters replaced by the point estimates.

Although the asymptotic covariance matrix of manifest variable lagged correlations is com-
puted as a required piece of information of the proposed sandwich-type SE estimator, it can also
be used to help shed light on the accuracy of the concurrent and lagged correlation structure of
manifest variables. For example, the ratios between concurrent and lagged correlations of man-
ifest variables and their respective SE estimates can be used to test whether the concurrent and
lagged correlations are significantly different from zero. Lagged correlations that are not signifi-
cantly different from zero provide little information about the model of interest. Figure 4 displays
the ratios between concurrent correlations and lagged correlations of manifest variables and their
respective SE estimates. Almost all concurrent correlations are significantly different from zero;
a substantial number of points are significantly different from zero at lags 1 and 2; only three
points are significantly different from zero at lag 3. The plot thus suggests that manifest vari-
able lag 3 correlations do not provide much information about the model. Thus the model was
estimated with manifest variable concurrent correlations and lagged correlations up to lag 2.

Table 1 reports point estimates and their SE estimates of factor loadings, AR weights, shock
variable variances and covariance, initial state vector variances and covariance. For the compari-
son purpose, bootstrap SE estimates (Zhang & Browne, 2010) are also reported in Table 1. Most
sandwich-type SE estimates are slightly smaller than their corresponding bootstrap SE estimates,
but they led to the same conclusions and interpretations. If the ratio between a point estimate and
its SE estimate (“p.e./s.e.” ratio) is larger than two, the null hypothesis that the population para-
meter is zero will be rejected at approximately 0.05 level. The ratios for six factor loadings are
far larger than 2, indicating that the six indicators represent the two factors well. Among the four
AR weights, only the regression weight of “energy” at t +2 on the same factor at t is significantly
different from zero. The more energetic the participant felt on a certain day, the more likely the
participant would feel more energetic two days later. The “p.e./s.e.” ratios are much larger than 2
for shock variable variances and covariance and the “p.e./s.e.” ratios are smaller than 2 for initial
state vector variances and covariance, suggesting that contributions of shock variables were more
substantial than those of the initial state vector.
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FIGURE 4.
Ratios between the manifest variable lagged autocorrelations and their corresponding SEs. The dash lines mark the
region where a point beyond the region indicates that the ratio between a particular point estimate and its corresponding
SE estimate is larger than 1.645, which suggests that the manifest variable lagged correlation is significantly different
from zero at the 0.10 level.

5. Discussion

SE estimation of SEM models with multivariate time series is more complex than that of
independent data. In this article, we adapted a sandwich-type SE estimator with independent
data for use when SEM models are fitted to concurrent and lagged correlations computed from
a multivariate time series. An important issue in implementing the adapted sandwich-type SE
estimator is to estimate the asymptotic covariance matrix of concurrent and lagged correlations.
We derived the analytic formula for computing the asymptotic covariance matrix of concurrent
and lagged correlations for multivariate normal time series. We illustrated the adapted sandwich-
type SE estimator using a simulation study and an empirical example. We further contrasted the
performance of the sandwich-type SE estimates with that of bootstrap SE estimates. The simu-
lation study suggests that the adapted sandwich-type SE estimator produces accurate estimates
for long series and useful estimates for short to medium series. The usefulness of the adapted
sandwich-type SE estimators was further demonstrated using the empirical example.

The present article focuses on OLS estimation with concurrent and lagged correlation ma-
trices. When GLS is employed to estimate a SEM model with a block Toeplitz covariance matrix
(Molenaar & Nesselroade 1998), an additional weight matrix has to be specified. One natural
choice of the weight matrix is the inverse of the asymptotic covariance matrix of all elements
of the block Toeplitz covariance matrix. Because the Toeplitz matrix contains many redundant
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TABLE 1.
A PFA model of Lebo & Nesselroade (1978)’s mood data.

Factor loadings AR matrices

Energy Fatigue Energy Fatigue

Active 91(4,4) A1

Lively 87(4,5) Energy 6(10,13)

Peppy 75(6,6) Fatigue 2(12,13)

Sluggish 77(6,9) A2

Tired 86(5,8) Energy 37(11,12)

Weary 93(4,6) Fatigue 7(11,13)

Shock variable cov1 Initial vector cov1

Energy Fatigue Energy Fatigue

Energy 85(9,6) −40(9,12) Energy 15(9,6) −1(2,2)

Fatigue −40(9,12) 99(4,6) Fatigue −1(2,2) 1(4,6)

All entries need to be multiplied by 10−2.
SE estimates are presented in parenthesis: sandwich-type SE estimates are presented first, followed by
bootstrap SE estimates.
Cov1 stands for a covariance matrix.

elements, the asymptotic covariance matrix may not be positive definite. Modifications of the
asymptotic covariance matrix are often necessary.

As alluded to earlier, our choice to use the OLS, as opposed to the GLS, to obtain point esti-
mates and the corresponding sandwich-type SE estimates was determined largely by the compu-
tational robustness of the OLS. Several implications of this choice are worth noting, particularly
in the presence of model misspecification. When the model is not exactly true, fitting the model
to the population covariance matrix using different estimation methods will yield different para-
meter values (Browne & Arminger, 1995; MacCallum, 2003). In fact, in the context of regression
with manifest variables only, White (1980) proposed a test of model misspecification by com-
paring OLS and GLS parameter estimates. Model misspecification is indicated by substantial
differences between OLS estimates and GLS estimates.

Model misspecification in SEM models with time series data is more complex than model
misspecification in SEM with independent data. For example, dynamic factor analysis involves a
factor analysis model and a time series model. Model misspecification can occur in either, or even
both of these components. Because a time series model can be represented in different forms (an
ARMA process can be expressed as an AR(∞) or a MA(∞) process), misspecification of the
time series model can lead to different consequences than misspecification of the factor analysis
model.

Sandwich-type SE estimators have been used to handle model misspecification in other set-
tings, for example, in the context of regression with only manifest variables (White, 1981, Equa-
tion 3.1), and SEM with independent data (Yuan & Hayashi, 2006, Equation 14). The outer
parts of the sandwich-type SE estimators proposed by these authors involve second derivatives
and their middle part involve products of first derivatives. Computation of second derivatives is
avoided in Equation 9 with the assumption that model error is no larger than random sampling
error (Browne, 1984, R5). It might be inappropriate if the model is very wrong, for example
when a one factor model is considered when a two factor model is clearly more appropriate.

An alternative to analytic SE estimators for SEM models with lagged correlations is the
bootstrap procedures (Zhang & Browne, 2010; Zhang & Chow, 2010), which automatically pro-
vide consistent SE estimates for misspecified models and nonnormal time series. While bootstrap



92 PSYCHOMETRIKA

SE estimates may appear to be a promising alternative, implementing bootstrap procedures for
SEM models with multivariate time series is characterized by two difficulties. First, the SEM
model may fail to converge in some bootstrap samples. Other estimation problems include re-
dundant parameters and boundary parameter estimates. Estimation problems are more likely to
occur when the time series length is short to medium. For example, proportions of nonconver-
gence, redundant parameters, and boundary estimates in bootstrap samples were higher than 20%
in 59 of the first 100 simulation samples at T = 50. Dealing with such estimation problems is an
important issue in the bootstrap process in which parameter estimates have to be obtained by an
iterative estimation method. In the simulation study reported in the present article, we included
bootstrap replications from all bootstrap samples regardless of estimation problems. If the model
failed to converge in a bootstrap sample, we selected the set of parameter estimates yielding the
lowest discrepancy function value in all iterations. Second, the bootstrap requires estimating the
model of interest in each bootstrap sample. If the model of interest is very complex, the bootstrap
could be too time consuming to be feasible. It is informative to examine SE estimates obtained
using different methods, for example, the bootstrap and the sandwich-type method. Similar SE
estimates of different methods are reassuring; different SE estimates of different methods need
to be investigated.

Collecting multivariate time series data from an individual provides opportunities to uncover
change patterns unique to the individual. SEM models, when fitted to concurrent and lagged
correlations computed from multivariate time series, can reveal patterns of change at the latent
factor level, which are often of key interest to researchers. Many technical difficulties arise when
SEM models are applied in this non-traditional way, however. One of them is that SE estimators
derived for independent data need to be modified. The sandwich-type SE estimator presented in
the present article is an example of such a modification.
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Appendix

Let σ be a ((p + 1)p/2 + p2L) × 1 vector containing population variances, covariances,
and lagged covariances. Let ρ be a ((p − 1)p/2 + p2L) × 1 vector containing corresponding
population correlations and lagged correlations. As shown in Equation 3, the lag l correlation
matrix can be obtained from standardizing the lag l covariance matrix. The matrix form function
can be expressed as a vector form function,

ρ = g(σ ). (19)

Applying the same function to sample lagged covariances produces sample lagged correlations,

r = g(s). (20)

Let � be the ((p − 1)p/2 + p2L) × ((p + 1)p/2 + p2L) Jacobian matrix,

� = ∂ρ

∂σ ′ . (21)
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Let �s be the asymptotic covariance matrix of lagged covariances. The asymptotic covariance
matrix of lagged correlations can be obtained from �s using the delta method,

Y = ��s�
′. (22)

Let ρij (m) be a typical element of ρ. It is obtained from standardizing the corresponding
lagged covariance σij (m),

ρm,ij = σm,ij (σ0,ii )
−1/2(σ0,jj )

−1/2. (23)

Thus each row of � only has three nonzero elements,

∂ρm,ij

∂σm,ij

= (σ0,ii )
−1/2(σ0,jj )

−1/2,

∂ρm,ij

∂σ0,ii

= −1

2
σm,ij (σ0,ii )

−3/2(σ0,jj )
−1/2,

∂ρm,ij

∂σ0,jj

= −1

2
σm,ij (σ0,ii )

−1/2(σ0,jj )
−3/2.

The asymptotic covariance matrix of lagged covariances of normal multiple time series can
be found in Hannan (1970, p. 209, Equation 3.3). When the time series is nonnormal, the asymp-
totic covariance matrix of lagged covariances can no longer be expressed as functions of lagged
covariances alone: fourth order cumulants have to be considered. Hannan (1970, p. 18) defined
lagged covariance matrices as,

	h(k) = E
(
x0x

T
k

)
. (24)

This deviates slightly from the established definition (Brockwell & Davis, 1991, p. 406)

	(k) = E
(
xkx

T
0

)
. (25)

Note that

	(k) = 	′
h(k). (26)

A typical element of the asymptotic covariance matrix of lagged covariances defined in the usual
way is

T · Cov(sm,ij , sn,kl) =
∑

u

[σu,jlσu−n+m,ik + σu−n,jkσu+m,il]. (27)

The asymptotic covariance between rij (m) and rkl(n), a typical element of Y , is the sum of
nine terms.

The first four terms are

Cov(s0,ii , s0,kk)

(
∂ρm,ij

∂σ0,ii

)(
∂ρn,kl

∂σ0,kk

)
= 1

2

∑

u

ρm,ij ρn,klρ
2
u,ik,

Cov(s0,ii , s0,ll )

(
∂ρm,ij

∂σ0,ii

)(
∂ρn,kl

∂σ0,ll

)
= 1

2

∑

u

ρm,ij ρn,klρ
2
u,il,

Cov(s0,jj , s0,kk)

(
∂ρm,ij

∂σ0,jj

)(
∂ρn,kl

∂σ0,kk

)
= 1

2

∑

u

ρm,ij ρn,klρ
2
u,jk,
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Cov(s0,jj , s0,ll)

(
∂ρm,ij

∂σ0,jj

)(
∂ρn,kl

∂σ0,ll

)
= 1

2

∑

u

ρm,ij ρn,klρ
2
u,j l .

They can be combined to

1

2
ρm,ij ρn,kl

∑

u

[
ρ2

u,ik + ρ2
u,jk + ρ2

u,il + ρ2
u,j l

]
.

The fifth term and the sixth term are

Cov(sm,ij , s0,kk)

(
∂ρm,ij

∂σm,ij

)(
∂ρn,kl

∂σ0,kk

)
= −

∑

u

ρn,klρu,jkρu+m,ik,

Cov(sm,ij , s0,ll )

(
∂ρm,ij

∂σm,ij

)(
∂ρn,kl

∂σ0,ll

)
= −

∑

u

ρn,klρu,j lρu+m,il .

They can be combined to

−ρn,kl

∑

u

[ρu,jkρu+m,ik + ρu,jlρu+m,il].

The seventh term and the eighth term are

Cov(s0,ii , sn,kl)

(
∂ρm,ij

∂σ0,ii

)(
∂ρn,kl

∂σn,kl

)
= −

∑

u

ρm,ij ρu,ilρu−n,ik,

Cov(s0,jj , sn,kl)

(
∂ρm,ij

∂σ0,jj

)(
∂ρn,kl

∂σn,kl

)
= −

∑

u

ρm,ij ρu,j lρu−n,jk.

They can be combined to

−ρm,ij

∑

u

[ρu,ilρu−n,ik + ρu,jlρu−n,jk].

The last term is

Cov(sm,ij , sn,kl)

(
∂ρm,ij

∂σm,ij

)(
∂ρn,kl

∂σn,kl

)

=
∑

u

[ρu,jlρu−n+m,ik + ρu−n,jkρu+m,il].

The nine terms can be combined to

Cov(rm,ij , rn,kl) =
∑

u

{
1

2
ρm,ij ρn,kl

[
ρ2

u,ik + ρ2
u,jk + ρ2

u,il + ρ2
u,j l

]

− ρn,kl[ρu,jkρu+m,ik + ρu,jlρu+m,il]
− ρm,ij [ρu,ilρu−n,ik + ρu,jlρu−n,jk]

+ [ρu,jlρu−n+m,ik + ρu−n,jkρu+m,il]
}
. (28)

This derivation gives an expression for a typical element of the asymptotic covariance
matrix of lagged correlations of time series data, which is convenient for the purpose of
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preparing computer code. This derivation can be made more elegant by employing elim-
ination matrices and permutation matrices that are used to derive the asymptotic covari-
ance matrix of correlations of independent data (Browne & Shapiro, 1986; Neudecker, 1996;
Neudecker & Wesselman, 1990).
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